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PEEFACE. 



In compiling the present treatise, I have endeavoured to 
place before the reader the course of study, in theoretical Hydro- 
statics and Hydrodynamics, which is usually required in the 
Examination for the Mathematical Tripos. 

For the main portions of the subject, I have consulted chiefly 
Poisson's MScanique and Duhamel's Cours de MScanique, but I 
have occasionally found it necessary to refer to the larger and 
more important works of Laplace and Lagrange, the MScanique 

CHeste and the Micantque Analt/tiqtce, The problem discussed 
in Chapter vii., for instance, i^^v^-^th greater clearness and 
falness by Laplace, than byiny.sntsequ^^ writer whose works 
I have been able. to consult. ^ > " c- 

By the kindness of Professte 96^^ T have been permitted 
to make some extracts, on a difficult part of the subject, from a 
very valuable paper by him in the Cambridge Philosophical 
Transactions. 

The Examples by which the various Chapters are illustrated, 
and which it is hoped will form a sufficient and useftil set of 
exercises for the student, have been chosen almost entirely from 
the Senate-House papers of the last few years, and from the 
Examination papers of St John's College and Caius College. 

The investigations, relating to the vibrations of rods and 
strings, which have been introduced in Chapter xill., can hardly 
be said to belong to the province of Hydrodynamics ; they are 
however so closely connected with the theory of sound, and 
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especially of musical sounds, that a chapter on the subject is not 
complete without them, and I have therefore ventured to devote 
a few articles to their discussion. 

I have to offer my best thanks to several friends who have 
kindly assisted me by their advice, and in particular to Mr G. D. 
Liveing, of St John's College, and also to the Rev. J. R. Lunn, 
of St John's College, to whom I am indebted for important hints 
and corrections in the chapter on musical sounds. 



W. H. BESANT. 



St John's OoLLxas, 
June 7, 1859. 
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CHAPTER I. 

1. We learn from common experience that such substances 
as air and water are characterised by the ease with which por- 
tions of their mass can "be removed, and by their extreme divi- 
sibiKty. These properties are illustrated by various common 
facts; if, for instance, we consider the ease with which fluids 
can be made to permeate each other, the extreme tenuity to 
which one fluid can be reduced by mixture with a large portion 
of another fluid, the rarefection of air which can be effected by 
means of an air-pump, and other facts of a similar kind, it is 
clear that, practically, the divisibility of fluid is unlimited : we 
find, moreover, that in separating portions of fluids from each 
other, the resistance offered to the division is very slight, and in 
general almost inappreciable. By a generalization fi-om such 
observations, the conception naturally arises of a substance pos- 
sessing in the highest degree these properties, which exist, in a 
greater or less degree, in every fluid with which we are acquaint- 
ed, and hence we are led to the following 

Definition of a Fluid. 

2. A fluid is an aggregation of particles which yidd to 'the 
slightest effort made to separate them from each other. 

If then an indefinitely thin plane be made to divide a fluid 
in any direction, no resistance will be offered to the division, 
and the pressure exerted by the fluid on the plane will be en- 
tirely normal to it; that is, a perfect fluid is assumed to have 
no " viscosity," no property of the nature of fiiction. 

The following fandamental property of a fluid is therefore 
obtained from the above definition. 

The pressure of a fluid is always normal to any surface with 
which it is in contact. 

B. H. 1 



2 DEFINITION OF A FLUID. 

As a matter of fact, all fluids do more or less offer a resist- 
ance to separation or division, but, just as the idea of a rigid 
body is obtained from the observation of bodies in nature which 
only change form slightly on the application of great force, so 
is the idea of a perfect fluid obtained from our experiences of 
substances which possess the characteristics of extremely easy 
separability and apparently unUmited divisibility. 

3. Fluids are divided into Liquids and Gases; the former, 
such as water and mercury, are not sensibly compressible, ex- 
cept under very great pressures; the latter are easily compres- 
sible, and expand freely if permitted to do so. 

Hence the former are sometimes called inelastic, and the 
latter elastic fluids. 

4. Fluids are acted upon by the force of gravity in the 
same way as solids; with regard to liquids this is obvious; and 
that air has weight can be shewn directly by weighing a closed 
vessel, exhausted as far as possible: moreover, the phsenomena 
of the tides shew that fluids are subject to the attractive forces, of 
the sun and moon as well as of the earth, and it is assumed, from 
these and other similar facts, that fluids of all kinds are subject to 
the law of gravitation, that is, that they attract, and are attracted 
by, all other portions of matter, in accordance with that law. 

Measure of the Pressure of Fluids. 

5. Consider a mass of fluid at rest under the action of any 
forces, and let A be the area of a plane surface exposed to the 
action of the fluid, that is, in contact with it, and P the force 
which is required to coimterbalance the action of the fluid upon 

P 

A. If the action of the fluid upon A be imiform, then -j is 

the pressure on each unit of the area A. If the pressure be not 
uniform, it must be considered as varying continuously from 
point to point of the area A, and if zr be the pressure on a small 

portion a of the area about a given point, then — will approxi- 
mately express the rate of pressure over a. When a is indefi- 
nitely diminished let — ultimately =^, then p is defined to be 
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the measure of the pressure at the point considered, p being the 
pressure which would "be exerted on an unit of area, if the rate 
of pressure over the unit were uniform and the same as at the 
point considered. 

The pressure upon any small area a about a point, the 
pressure at which is ^, is therefore ptk + 7, where 7 vanishes 
ultimately in comparison with^a when a (and consequently ^a) 
vanishes. 

6. In order to employ the principles of Statics in the dis- 
cussion of the equilibrium of fluids, the following proposition is 
necessary. 

In a mass of fluid at rest any portion may he supposed to 
become solid without any other change in the circumstances of the 
equilibrium. 

For, if this supposition be made, there will be no alteration 
in the forces acting on the fluid, and the action between the 
solidified portion and the rest of the fluid, or between the solidi- 
fied portion and any smooth surface with which it may be in 
contact, will be, as before, normal to its surface; the equili- 
brium of the solid can therefore be considered as maintained by 
the external forces which act upon it, and the pressure of the 
remaining fluid. 

7. The pressure at any point of a fluid at rest is the same in 
every direction. 

This is the most important of the characteristic properties 
of a fluid; it can be deduced from Articles (2) and (6) in the 
following manner: 

Let a small tetrahedron of fluid be supposed solidified ; then 
it is kept at rest by the pressures on its faces, and by the im- 
pressed force on its mass. 

The former forces depending on the areas of the faces vary 
as the square, and the latter depending on the volume and 
density varies as the cube of one of the edges of the solid, which 
is considered to be homogeneous, and therefore supposing the 
solid indefinitely diminished, while it retains always a similar 
form, the latter force vanishes in comparison with the pressures 
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on the faces ; and these pressures consequently form a system 
of forces in equilibrium. 

Let p^p' be the units of pressure on the faces ABC^ BCD^ 
and resolve the forces parallel to the edge j, 

AD\ then, since the projections of the areas y 

ABC, BOD on a plane perpendicular to X 

AD are the same (each equal to a suppose), a<^- 

we have ultimately, \, 

pa =pa, 

or p =^p\ 

And similarly it may be shewn that the pressures on the other 
two faces are each equal to^ or^'. 

As the tetrahedron may be taken with its faces in any direc- 
tion, it follows that the pressure at a point is the same in 
every direction. 

8. The following proof of the foregoing proposition is taken 
from Cauchy's £!xerctces*. 

Let P and Q be two points in a fluid at a finite distance 
from each other ; about PQ as axis describe a cylinder of very 
small radius, draw a plane through Q perpendicular to QP, 
draw any plane through P, and suppose the portion of fluid 
PQ to become solid. 

The solid PQ is kept at rest by the pressures on its ends 
and on its curved surface, and by the impressed forces which 
act upon it. 

Let py p' be the pressures at Q and P, a the area of the 

section Q of the cylinder, and /^ 7^ 

a' of the section P; then the \12 __L/^ 

pressure p'a' on the end P, resolved parallel to the axis of the 
cylinder, is equal to^'a, and therefore 

p'a — jpa = the impressed force, resolved parallel to QP. 

Now whatever be the direction of the plane through P, this 
impressed force, when the radius of the cylinder is indefinitely 



* Seconde Annte, 1827, page 23. 
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diminislied, is ultimately equal to the impressed force on the 
portion QP of the cylinder cut off by a plane through P per- 
pendicular to the axis*, that is, to 



fpadx, 

J n 



where mf is the force on a, particle m of the fluid at a distance 
X from Q, Hence 

J 

orp* is constant for all positions of the plane through P. 



Transmission of Fluid Pressure. 

9. Any pressure, or additional pressure, applied to the 
surface, or to any other part, of an incompressible fluid Icept at 
rest, is transmitted equally to all parts of the fluid* 

This property of incompressible fluids is a direct result of 
experiment, and, as such, is sometimes assumed. It is however 
deducible from our definition of a fluid by aid of the proposition 
of Art. 6. 



* The following considerations may complete this part of the proof: 

Let ABy A'B* be the two planes 
through P\ pp' the mean densities 



of APA', BPB' ; and ff the ac- g CV ~J^ 

celerations of the forces which are V J xJe^^. 

acting on these portions of flnid. ^ ^ 

Then the difference of the forces on QAB and QA'B\ (the volumes of which are 
equal) 

= the difference of the forces on APA' and BPB' 

-={p'r-pf).yo\,APA' 

^»(pf).^aAA\ 

nor 2 

and therefore p' =p + / pfdx + — AA', B (of), 

•'o Sir 

The forces being continuous, the last term is obyiously evanescent compared wilh 
the other quantities in the equation, undp' is therefore constant. 
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Let P be a point in the surface of a fluid at rest, and Q any 
other point in the fluid ; about the straight line PQ describe a 
cylinder of very small radius, bounded by the surface at P and 
by a plane through Q, perpendicular to QP, and suppose this 
cylinder to become solid. 

If the pressure at P be increased by j?, the additional force on 
the cylinder, resolved in the direction of its axis, is j?a, a being 
the area of the section of the cylinder perpendicular to its axis, 
and this must be counteracted by an equal force pa at Q in the 
direction QP, since the pressure of the fluid on the curved surface 
is perpendicular to the axis. The pressure at Q is therefore 
increased by p. 

If the straight line PQ do not lie entirely in the fluid, P and 
Q can be connected by a number of straight lines, all lying in 
the fluid, and a repetition of the above reasoning will shew that 
the pressure p is transmitted, unchanged, to the point Q. 

10. Iji consequence of this property, a mass of inelastic 
fluid can be used as a * machine ' for the purpose of multiplying 
power. 

Thus, if in a closed vessel full of water two apertures be made 
and pistons A, A' fitted in them, any pressure P applied to one 
piston must be counteracted by a pressure P on the other piston, 
such that P : P in the ratio of the areas A' : A, for the increased 
rate of pressure at every point of A is transmitted to every point 
of A\ and the amount of pressure upon^' depends therefore upon 
its area*. 

The action between the two is analogous to the action of a 
lever, and it is clear that by increasing A' and diminishing A, 
we can make the ratio P : P as large as we please. It is equally 
clear that this is independent of the quantity of fluid employed, 
and hence 

" The Hydrostatic Paradox.''^ 

" Any quantity of fluid, however small, can be made to sup- 
port any weight, however large." 

This statement is of course only practically true within the 



* Brainah*8 Preu is an instance of the practical use of this property of fluid. 
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limits assigned by the strength of the materials employed in 
the construction of the necessary machinery. 

11. The pressure of an elastic fluid is found to depend upon 
its density and temperature, as well as upon the nature of the 
fluid itself. 

When the temperature is constant, experiment shews that 
the pressure varies inversely as the space occupied by the fluid, 
that is, directly as its density. 

Hence if /o be the density of an elastic fluid, and p its 
pressure, then^ as long as the temperature remains the same, 

where & is a constant, to be determined experimentally in any 
given case. 

Mea^sures of Weighty MasSy and Density. 

12. The weight, mass and density of a fluid are measured 
in the same way as for solid bodies. 

If TFbe the weight of a mass Jf of fluid, then in accordance 
with the usual convention which defines the unit of mass, 

Next, let p be the density and Fthe volume of the mass M 
of fluid, which we suppose homogeneous, and p the density, F' 
the volume of an unit of mass of a standard fluid ; 

Then Mil V. pVi p'V\ 

Let F' = 1, and make p the unit of density. 

Then M^pV, 
and W=gpV. 

13. Sometimes the conception of the intrinsic weight of 
a fluid is required, and for this the term " specific gravity" is 
employed. 

Measure of Specific Qravity. 

The specific gravity of a fluid is the ratio of the weight of any 
volume of it to that of an equal volume of a standard substance. 
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Thus, i£whe the weight of an unit of volume of the standard 
substance, and 8 the specific gravity of any fluid, the weight W 
of a volume Fis given by the equation 

Tr= sw F, 
orift(? = l, 

14. It will be observed that the unit of weight, implied in 
the equation W^^sVy is not necessarily the same as in the 
equation W=ffpV, and in fact, from the arbitrary way in which 
the units have been chosen, they are in gefteral different 
quantities. 

In order to illustrate this point, we proceed to consider, in 
two cases, the nature of the relations between the several units 
employed in the equations under discussion. 

First case. Let the unit of length be the same in both 
equations, and take also the standard substance the same ; then 
the equation W=sV implies that the unit of weight is the 
weight of an unit of volume of the standard substance, whereas 
from W=ffpVf putting /o = 1 and F= 1, we obtain 

Weight of an unit qf volume of the standard substance = g 
times the unit of weight, 

and therefore the unit of weight in the latter formula is -th of 

the umt in the former. 

Second case. Let the unit of length be as before the same 
in both equations, and suppose the unit of weight assigned, and 
the same in both, taking it for example to be 1 lb. Now it is 
known that a cubic foot of water at a certain temperature weighs 
lOOOoz.; if then one foot be the unit of length, and s represent 
the specific gravity of water, the equation TF= «F gives 

1000 „ ,, 1000 

-j^ lbs. = «lbs., or 5 = -j^ , 

that is, the specific gravity of water = -j^ (the specific gravity 
of the standard substance). 
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Again, considering p as the density of water, we obtain from 
the equation W=gpVj 

1000,, ,, 1000 

'j^lbQ. = ffplh&., orp = — , 

that is, the density of the standard substance : the density of 
water :: IQg : 1000 ; the numerical value of g of course de- 
pending on the unit of time selected. 

In a similar manner other arrangements of the units can be 
treated, but the two cases just discussed will sufficiently illus- 
trate the meanings of the symbols employed. 

15. In the previous articles no account has been taken of 
fluids in which the density is variable ; but it is easy to con- 
ceive the density of a mass of inelastic fluid varying continuously 
from point to point, and it will be hereafter found that a mass 
of elastic fluid, at rest under the action of gravity, and having a 
constant temperature throughout, is necessarily heterogeneous: 
the density at a point of a fluid must therefore be measured in 
the same way as the pressure at a point, or any other con- 
tinuously varying quantity. 

Measure of the density at any point of a heterogeneous mass 
of fluid* 

Let m be the mass of a volume v of fluid enclosing a given 
point, and suppose p the density of a homogeneous fluid such 
that the mass of a volume v is equal to m^ or such that 

then p may be defined as the mean density of the portion v of 
the heterogeneous fluid, and the ultimate value of p when i? is 
indefinitely diminished, supposing it always to enclose the point, 
is the density of the fluid at that point. 

In a similar manner the specific gravity at any point of a 
heterogeneous fluid is measured. 



Is. £[. 



CHAPTER II. 

THE CONDITIONS OF THE EQUILIBRIUM OF FLUIDS. 

* 16. Taking the most general case, suppose a mass of fluid, 
elastic or non-elastic, homogeneous or heterogeneous, to be at 
rest under the action of given forces, and let it be required to 
determine the conditions of equilibrium, and the pressure at any 
point. 

Let a?, y, 2J, be the co-ordinates referred to rectangular axes, 
of any point P in the fluid, and let ^ be a point near it, so taken 
that PQ is parallel to the axis of x. 

Take x + Sa?, y, 2j, as the co-ordinates of Q ; about PQ 
describe a small prism or cylinder bounded by planes perpen- 
dicular to PQ^ and conceive this cylinder to be solidified. 

Let a be the area of the section of the cylinder perpendicular 
to its axis, p the pressure at P and p-^-ip the pressure at Q. 

Then, a being very small the pressure at any point of the 
plane Pwill be very nearly equal to^, and the pressure upon it 
will therefore be 

(i? + 7)«, 

where 7 vanishes in comparison with p when a is indefinitely 
diminished. 

We can therefore consider a so small that 7 may be neglected 
in comparison with p^ and the pressure on the end P of the 
cylinder may be taken equal to^a, and similarly the pressure on 
the end Q equal to 

[p + ^) a. 

If p be the mean density of the cylinder PQ^ its mass = pahx, 
and XpaSx will represent the force on PQ parallel to its axis, 
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II 



if XSm^ YSm, ZSm, be the components of the forces acting on 
a particle Sw of fluid at the point xyz. 

Hence for the equilibrium of PQ, a necessary condition is 

(j? + Sp) a — ^a = XpaSx, 
or 8p = pXdx. 

Proceeding to the limit when Sa?, and therefore Sp, is in- 
definitely diminished, p will be the density at P, and we obtain 



±^pX*. 



dx 



By a similar process, 



1=^^' 
1=^^- 



But dp=^^dx + ^dy + f^dz', 



.'. dp = p {Xdx + Ydy + Zdz) 
the equation which determines the pressure. 



(«), 



17. It is therefore an essential condition of equilibrium 
that p {Xdx + Ydy + Zdz) should be a perfect differential of some 
function /(a;, y, z) ; and 



'.i:ifiY) = i,{pX) 



dx 



dz 



{pX) = 



dy 



w. 



* Id the aboye proof, a ia taken go small that its linear dimensions may be neglected 
in eomparison with ix ; that is, the change in p, corresponding to a change ix in x, is 
considered, undisturbed by any alterations in y and z» 
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from which by differentiating, multiplying the equations respec- 
tively by Z^ X, and Y^ and adding, we obtain 

^(f-f)^-(i-S)-^(f-S)=» (^). 

a necessary although not a suiSicient condition of equilibrium. 

18. K the forces tend to fixed centres and are functions of 
the distances from those centres, we have 

x=2{^(r)"-^}, r=s{^w3^}, ^=s{^wi^^}, 

when {ah(^ are co-ordinates of the centre to which the force 
^(r) tends. 

Now »^=(a;-a)'+(y-J)'+(«-c)», 

.-. Xdx + Ydy + Zdz J^ {r) dr, 
and dj>^ p^{<l>{r)]dr. 

In this case, since 

dX ^ (,,, . x — a y — h , , . x^a y — b] 

, dY ^ f ,,, . y — b x^a , , x y — J x — a] 
and ^=S|^WL.___^(,)Z____|, 

it is obvious that the equation (7) is always satisfied, but it 
is not to be inferred that the equilibrium of a heterogeneous 
fluid is always possible with such a system of forces. 

When the density is constant, the equations (fi) become 

dX^dY dZ^dY dX^dZ 
dy dx^ dy dz * dz dx^ 

which are in this case always satisfied, and therefore the equili- 
brium of a homogeneous fluid under the action of such forces is 
always possible. 
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19. If the flidd be elastic, an additional condition is intro- 
duced, for if the temperature be constant, 

.-. ^^\(Xdx+Ydt/ + Zdz) (8). 

When the forces tend to fixed centres and are functions of the 
distances, Art. (18), this equation takes the form 

and p can be determined. 

If the temperature be vaxiable, the relation between the 
pressure density and temperature is found to be 

p = kp{l + (xt)f 

where t is the temperature, and a = '003665. 

In this case ^^-j—^—-r{Xdx+ Ydy + Zdz), 
and therefore t must be a fdnction of a?, y, and z. 

20. From equation (a), if the fluid be homogeneous and 

p^pV^G. 

If the fluid be heterogeneous and p a function of x, y, and 

Zf such that 

p {Xdx+ Ydy + Zdz)^dUy 

p^U+Cy 

and from (S) if there be equilibrium 

^ C - 

.% p= C^ y and P = T^> 

the constant being obtained from the particular circumstances of 
the equilibrium. 
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In any of these cases, if the pressure at any particular point 
be given the constant can be determined. 

In the last case if the mass of fluid, and the space within 
which it is contained be given, the constant is determined. 

21. In all cases, in which the equilibrium of the fluid is pos- 
sible we obtain by integration 

If ^ be constant and equal to ^', 

^ (a?, y, «) =y (A), 

is the equation to the surface at all points of which the pressure 
is constant, and by giving different values to p' we obtain a series 
of surfaces of equal pressure, and the external surface, or free 
surface, is obtained by making p' equal to the pressure external 
to the fluid. 

If the external pressure be zero the free surface is therefore 

4> (^> y» «) = 0. 

22. The quantities 

^ # and ^ 
dx^ dy^ dz ^ 

which are proportional to the direction cosines of the normal at 
the point {x, y, z) of the surface A, are equal to 

dp dp dp 
da? ' (?y ' (fe ' 

respectively, i.e. to pX^ pY, pZ, and are therefore proportional 

to X, r, Z. 

Hence the resultant force at any point is in direction of the 
normal to the surface of equal pressure passing through the 
point*. 

* This last restilt may also be obtained in the following manner : 
Consider two consecutiTe surfaces of equal pressure, containing between them 
a stratum of fluid, and let a smaU circle be described about a point P in one surface, 
and a portion of the fluid cut out by normals through the circumference. The portion 
of flaid so cut out may be considered rigid, and kept at resir ,by the impressed force, 
and the pressures on its ends and on its circumference. Being very nearly a small 
cylinder, and the pressures on aU points of its circumference equal, the difference of 
pressures on its two faces must be due to the force, which must therefore act in the 
same direction as these pressures, t. e. in direction of the normal at P. 
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23. In the particular cases in which Xdx + Ydy + Zdz is a 
perfect differential dV^ p must be a function of V. 

For dp-f>dV 

and dp being a perfect differential, p must be a function of V ; 

letp=/'(D 

then dp=f{y)dV, 

Hence F, and therefore p is a function of ^, and surfaces of equal 
pressure are also surfaces of equal density. 

If the fluid be elastic and the temperature variable 



dp^ 1 
jp "kil + at) 



dV. 



Hence by a similar process of reasoning t is sl function of p, and 
surfaces of equal pressure are also surfaces of equal temperature. 

24. If however Xdx+ Ydi/+ Zdz be not a perfect diffe- 
rential these surfaces will not in general coincide. 

1st. Let the fluid be heterogeneous and incompressible ; then 
the surfaces of equal pressure and of equal density are given 
respectively by the equations 

dp = Of dp = Oy 
or Xdx+Ydy + Zdz = 



-^dx'{'-^dy + ^ dz-0 
ax ay ^ dz 



(B). 



These then are the differential equations of surfi^es which by 
their intersections determine curves of equal pressure and density. 

From (B) we obtain 

dx dy dz .p. 

^dp ^dp ^dp rrdp ^dp ^dp 

^Ty-^Tz ^Tz-^^ ^dk-^Ty 
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But from the conditions of equilibrium we have 

'^ dz dg " dy dy ' 

dZ X ^dp ^ ^^ t y^P 
'^ dx dx^'^ dz dz^ 

and therefore the equations (C) become 

dx __ dy _ dz ^^. 

dz_dr'dx_dz'dy_d^ ^^^' 

dy dz dz dx dx dy 

The differential equations of the curves of equal pressure and 
density. 

2nd. Let the fluid be elastic and of variable temperature. 

and the curves of equal pressure and temperature are given hj the 
simultaneous equations 

dp = 0, dt=0] 

or Xdx-^-Ydy + Zdz-O 

'j-dx+ j-dy + 'j- dz^O 
dx dy ^ dz 

But since -^ is a perfect differential the conditions of equi- 
librium are in this case 

dy \l + at) dxKl + aij' 

f^ , ,* dX -rr dt ,^ . . dY ,^ dt 
or (i + a*)^ _aX^=(l + «0^- aT ^, 

with similar equations between X and Zj and Y and ^respec- 
tively. 
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From the preceding equations, we obtain 

dx d^ dz 

.^ dt y dt y dt Y^ Y ^^ V ^^ ' 
dz dy dx dz dy dx 

y.dt ydt _ l + at /dX dY\ 
dy dx a \dy dx) 

» 

dx dz^ a \dx dz J 

ydt rrde _ l + at fdY dZ\ ^ 
dz dy^ a \dz dy ) ^ 

, dx dy dz 

^""^ •'• dZ _dY^ dX _dZ^~ dt _d^' 
dy dx dz dx dx dy 

equations of the same form as (jD), are in this case the 
differential equations of the curves of equal pressure and 
temperature, and therefore also of equal density. 

25. As a particular case, consider the equilibrium of a fluid 
under the action of gravity, which may be considered to act in 
a constant direction if the fluid do not extend over a large portion 
of the earth's surface. 

In this case X= 0, Y^ 0, Z= — «7, 
if « be measured vertically upwards ; 

.*. dp== — gpdz. 

Therefore if the fluid be inelastic, and homogeneous, 

p^-gpz+C. 
If the fluid be elastic, p = kp, 

and .'. -^ = — j-dz; 
p k 

B. H. 3 
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••. log^=-f«, 



G k 



-** 



In each case then it follows that the surfaces of equal pressure 
are horizontal planes, and therefore the surface of liquid at rest 
under the action of gravity is a horizontal plane. 

If the fluid be inelastic, and the origin at a depth h below 
the surface, the pressure at which = 11, 

p^U+gpiJi-z), 
or, if n = 0, p =5^/3 (the depth below the surface). 

26. In the case pf an inelastic heterogeneous fluid at rest 

under the action of gravity, then, measuring z downwards, the 

equation 

dp^gpdz, 

shews that p must be a function of z. 

The density and pressure are therefore constant for all points 
in the same horizontal plane. 

As an example, let p « 5?** == yLt^**, 



^n+l 



thenp = 5r;^^-pY + n. 

27. As a second example, let a given volume Fof incom- 
pressible fluid be acted upon by forces 



IJU3C fiy fiz 

c 



a* ' h^ ' -^ ' 



respectively parallel to the axes ; 

The surfaces of equal pressure are therefore similar ellipsoids, 
and the equation to the free surface is 

assuming that there is no external pressure. 
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The condition which determines the constant is that the 
volume of the fluid is given, and we have 



and a=^.f-^f. 
2 {^irabcj 



Rotating Fluid, 

28. If a quantity of fluid revolve uniformly, and without any 
relative displacement of its particles, about a fixed axis, the pre- 
ceding equations will enable us to determine the pressure at any 
point, and the nature of the surfaces of equal pressure. 

For, in such cases of relative equilibrium, every particle of 
the fluid moves uniformly in a circle, and the resultant of the 
external forces acting on any particle m of the fluid, and of the 
fluid pressure upon it, must be equal to a force mcoV towards the 
axis, ft) being the angular velocity, and r the distance of m from 
the axia ; it follows therefore that the external forces, combined 
with the fluid pressures, and forces wo)V acting from the axis, 
form a system in statical equilibrium, to which the equations of 
the previous articles are applicable. 

29. A mass of homogeneous liquid, contained in a vessel, re- 
volves uniformly about a vertical axis; required to determine the 
pressure at any point, and the surfaces of equal pressure. 

Take the vertical axis as the axis of z ; then, resolving the 
force wmbV parallel to the axes, its components are mo^x and 
i»o)*y, and the general equation of fluid equilibrium becomes 

dp==P {to^xdx + to^ydy —gdz), 
and therefore 

The surfaces of equal pressure are therefore paraboloids of 
revolution, and if the vessel be open at the top, the free surface 
is given by the equation 

where 11 is the external pressTire. 
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The constant must be determined by help of the data of each 
particular case. 

For instance, let the vessel be closed at the top and be very 
nearly filled with fluid, and let 11 = ; then taking the origin at 
the highest point of the axis, /? = 0, when x y and z vanish, and 
therefore C=0, and 

30. Next consider the case of elastic fluid enclosed in a 
vessel which rotates about a vertical axis ; as before 

e^ = p [©' i^cdx + ydy) — gdz\^ 

and p = kp', 

.'. A;logp = Q)^ ^ ^^ -gz + C, 

so that the surfaces of equal pressure and density are paraboloids. 

Let the containing vessel be a cylinder rotating about its 
axis, and suppose the whole mass of fluid given ; then, to de- 
termine the constant, consider the fluid arranged in elementary 
horizontal rings, each of uniform density: let r be the radius 
of one of these rings, at a height z^ Sr its horizontal and Sz 
its vertical thickness, h the height, and a the radius of the 
cylinder ; 

the mass of the ring = 27rprSrBz, 

nh 
^iTfyrdrdz. 

The origin being taken at the base of the cylinder. 

Now p = €^.e 2fc 5 

and .-. Jlf=^ 6«"(€^-l)(l-e *), 
an equation by which G is determined. 

31. In general the equation of equilibrium for a fluid re- 
volving uniformly, and acted upon by forces of any kind, is 

dp = p [Xdx + Ydy + Zdz + cd^ {xdx + ydy)]. 
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In order that the equilibrium may be possible, three equations 
of condition must be satisfied, expressing that c^ is a perfect 
differential, and from these equations it will be found that the 
same relation* must exist between the quantities X, Y, Z, as if 
there were no rotation. If the conditions referred to are satisfied, 
the surfaces of equal pressure, and, in certain cases, the free 
surface can be determined ; but it must be observed that a free 
surface is not always possible. In fact, in order that there may 
be a free surface, the surfaces of equal pressure must be symme- 
trical with respect to the axis of rotation. 

Example. A closed vessel is completely filled with homo- 
geneous liquid^ which is made to rotate uniformly about an axis 
inclined to the vertical, required to find the surfaces of equal 
pressure. 

Let a be the inclination of the axis to the vertical, and take 
the axis of aj in the vertical plane through the axis of rotation ; 
then 

--dp = [co^x—g sin a) dx + G?y dy—g cos a dz, 

■E- = \(o^ {a? +^) -^gx sin a —gz cos a + (7, 

and the required surfaces are paraboloids having their common 
axis parallel to the axis of revolution. 

It will be seen that in this case the pressure about any given 
particle of fluid varies with its position in the circle in which 
it is moving; in other words, a given particle of fluid passes 
across different surfaces of equal pressure in the course of its 
revolution. If the vessel be just filled without compression, the 
constant G can be determined : on this point some remarks will 
be made hereafter. 

Whole Pressure. 

32. Def. The whole pressure of a fluid on any surface with 
which it is in contact is the sum of the normal pressures on ea^ch of 
its elements, 

* That given by the equation y, Art. 17. 
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If then p be the pressure at a point of an element hB of the 
surface, 

phS is the pressure on the element, 

and fJpSS is the whole pressure, 

the summation extending over the whole of the surface con- 
sidered. 

In the particular case of gravity being the only force in 
action, j) = gpz, measuring z vertically downwards from the 
surface ; 

and fJj>B8=JfgpzS8. 

Let i be the depth of the centre of gravity of the surface 8, 

then z.JJS8=fJzS8; 
and .*. the whole pressure =^ffpz8, 

i. e. the whole pressure is equal to the weight of a cylindrical 
column of fluid, the height of which is i, and the base a plane 
area equal to the area of the surface. 

33. We now add some examples of the determination of 
whole pressure. 

(1) A hemispherical howl filled with water. 

Let r be its radius, p the density of water. 
Then the surface = 27r/, 

and z = -i 

.'. whole pressure = gpirr^i 
i. e. whole pressure : the weight of the fluid :: 3 : 2. 

(2) The density of a heavy fluid « (depth)*;- n being a 
positive integer; find the whole 
pressure on a semicircular area 
immersed vertically, with its di- 
ameter in the surface. 

Employing polar co-ordinates 
and referring to Art. (26), we see 
that if the density = fi (depth)**; ' 
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the pressure at P=-^^r" (sin 5)*, where OP^r and AOP^d] 

IT 

.-. the whole pressure = 2 f [ '-^^"■'' (sin Of d0dr, if OA =a, 



_ 2fiffa^^ (n~l).(n~3) ... 1 tt 

- (n + l)(n+*J • n . (n-2) ... 2 '2 - *" ^^^°' 

_ 2/16^0**^ (n~l) ... 2 ,, 

"■ (n+ 1) (ri + ^J • n...3 *•• "" ^^'^• 

(3) ' A cylindrical vessel is closed at the top, and very nearly 
filled with incompressible fluid, which rotates uniformly about 
the axis of the cylinder ; to find the whole pressure on the curved 
surface and on the top of the cylinder. 

In this case, taking the centre of the top as origin, and 
measuring z downwards, 

P 2 ^ 

Let a be the radius of the cylinder, h its height; then at 
a depth z, the pressure at its surface 



.2_« 



an element of surface = 27ra . Bz ; 

.*. the whole pressure on the curved surface 

= I 27rap {^co^a^ + gz) dz, 

Jo 

= 7rpa%o)* + TTpag}?, 
The pressure on the top at a distance r firom the origin = JpwV*, 

and an element of its area = 27rrSr ; 
therefore the whole pressure on the top 

= I 7rpo)Wr = j7rp6)V. 
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EXAMPLES. 

1. The side AB of a triangle ABC is in the surface of a 
fluid, and points D, E, are taken in A G, such that the pressures 
on the triangles BAD, BDE, BEG, are equal ; find the ratios 

AB : BE : EG. 

2. A triangle ABG is immersed in fluid, in such a position 
that the point A is in the surface and the lines AB, A C, are 
equally inclined to it ; BG being produced to meet the surface 
in E, shew. that the pressures on the triangles ABG, AGE, are 
in the ratio AB'-AC : AG\ 

3. A regular tetrahedron is filled with fluid, and held so 
that two of its opposite edges are horizontal; compare the 
pressures on its several sides with the weight of the fluid. 

4. A spherical mass of elastic fluid is compressed into the 
cube which can be inscribed within the sphere; compare the 
whole pressures on the surfaces of the cube and sphere. 

5. A given quantity of elastic fluid is contained in a hollow 
sphere, and its particles are acted upon by a force to the centre 
of the sphere varying inversely as the distance. The sphere 
being supposed to vary in size, shew that the whole pressure 
on its surface varies inversely as its radius, provided fi < 3k, 
when fi is the absolute force, and k the ratio of the pressure to 
the density of the fluid. 

6. A quantity of incompressible fluid within a cylinder is 
acted upon by a force to a point in its axis varying directly as 
the distance, and is made to rotate imiformly about the axis. 
Taking no account of gravity, determine the nature of the free 
surfaces for difierent angular velocities ; and in particular, find 
the angular velocity for which the free surface will be that of 
a cone. 

7. A closed cylindrical vessel is very nearly filled with in- 
compressible fluid, which is acted upon by a force, varying as the 
distance, to the middle point of the axis of a cylinder ; if 2a be 
the length of the axis and c the radius of either end, shew that 
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the whole pressure on the curved surface : the whole pressure 
on the ends :: 8a' : 3c'. 

Also find this ratio when the centre of force is at the centre 
of either end of the cylinder. 

8. A vessel in the form of an inverted cone is partly filled 
with fluid, and closed with a lid ; it is then made to revolve 
uniformly about its axis ; if a small hole be now made at the 
vertex, determine how much of the fluid will escape, considering 
the difierent cases that arise according to the magnitude of the 
angular velocity. If this is indefinitely increased, prove that the 
surface of the fluid is a circular cylinder, and find its radius. 

9. An open vessel, containing two fluids which do not toix, 
revolves round a vertical axis with a given angular velocity; 
find the pressure at any point of the denser fluid, when the 
fluids have attained a state of relative rest, the depth of the 
lighter fluid in that state being given. 

10. A straight rod, every particle of which attracts with a 
force varying inversely as the square of the distance, is surrounded 
by a mass of homogeneous incompressible fluid ; find the form 
of the surfaces of equal pressure. 

11. A mass {M) of fluid, in which the density at any point 
is the sum of a given constant quantity and a quantity bearing 
a given constant ratio to the pressure at that point, revolves 
about a fixed axis with a given constant angular velocity, and is 
attracted to a point in that axis by a given force which varies 
as the distance : find the form of the free surface ; and shew that 
its least semi-diameter (J) is determined by the equation, 

5 52-a.« 



•^0 



when m and c are given constants. 

12. A given quantity of elastic fluid is contained in a hollow 
sphere, and is acted upon by a force to the centre of the sphere ; 

B.H. 4 
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find the law of force in order that the pressure on either side of 
a circular lamina placed with its centre at the centre of the sphere 
may vary as the rJ^ power of its radius, n being positive. If 
this be the case, prove that the pressure on the surface of the 

sphere = ^ where m is the mass of fluid, a the radius of 

^ a 

the sphere, and k the ratio of the pressure to the density. 
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THE RESULTANT PRESSURES OF FLUIDS ON SURFACES. 



34. In the preceding Chapter we have shewn how to in- 
vestigate the pressure at any point of a fluid at rest under the 
action of given forces ; we now proceed to determine the result- 
ants of the pressures exerted by fluids upon surfaces with which 
they are in contact. 

We shall consider, first, the action of fluids on plane surfaces, 
secondly, of fluids under the action of gravity upon curved 
surfaces, and thirdly, of fluids at rest under any given forces, 
upon curved surfaces. 

Fluid Pressures on Plane Surfaces. 

35. The pressures at all points of a plane being perpen- 
dicular to it, and in the same direction, the resultant pressure is 
equal to the sum of these pressures, that is, to the whole pressure, 
and acts in the same direction. 

Hence, if the fluid be incompressible and acted upon by 
gravity only, the resultant pressure on a plane 

= the whole pressure 

where A is the area and z the depth of the centre of gravity. 

In general, if the fluid be of any kind, and at rest under the 
action of any given forces, take axes of x and y in the plane, 
and let p be the pressure at the point (a;, y). 

The pressure on an element of area hxhy ^pZxZy ; 
.% the resultant pressure = JJpdydx, 
the integration extending over the whole of the area considered. 
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If polar co-ordinates be used, the resultant pressure is given 
by the expression 

jjprdrdd. 

36. Def. The centre of pressure is the point at which the 
direction of the single forcCy which is equivalent to the fluid 
pressures on the plane surface^ meets the surface. 

The centre of pressure is here defined with respect to plane 
surfaces only ; it will be seen afterwards that the resultant action 
of fluid on a curved surface is not always reducible to a single 
force. 

In the case of a heavy fluid, it is clear that the centre of 
pressure of a horizontal area, the pressure on every point of which 
is the same, is its centre of gravity ; and, since pressure increases 
with the depth, the centre of pressure of any plane area, not 
horizontal, is below its centre of gravity. 

37. Prop. To obtain formulo^ for the determination of the 
centre of pressure* 

Let p be the pressure at the point (a?, ^), referred to rectan- 
gular axes in the plane, a? + &», y + Sy, the co-ordinates of Qy 




X, y, co-ordinates of the centre of pressure. 
Then y , jjpdydx =moment of the resultant pressure about Oa?, 

= the sum of the moments of the pressures 
on all the elements of area about Ox^ 
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. ^ Jpydydx 

' * Jfpdydx ' 

,..,,- [Jpocdydx 
and similarly x = '^''^ j ^ . 
-^ jjpdydx 

The integrals being taken so as to include the area considered. 

If polar co-ordinates be employed, a similar process will give 
the equations 

- __ Sfpr^ cos OdrdB - _ l^V^ si^ OdrdO 
^ jjprdrde ' ^ " jjprdrde ' 

3Q. If the fluid be homogeneous and inelastic, and if gravity 
be the only force in action, 

p^gph, 

where h is the depth of the point P, below the surface, and we 
obtain 

-- ijhcdyd^ SJhydydx^ 

jjhdydx ' y "" iihdydx ^^^• 

It is sometimes usefiil to take for one of the axes the line of 
intersection of the plane with the surfece of the fluid : if we take 
this line for the axis of x^ and Q as the inclination of the plane 
to the horizon, p = gfyy sin ^, and therefore 

:^_ SSxydyd^ ^ Hy'dyd^ 

Hydydx ' ^- jjydydx ^^^' 

From these last equations (/8) it appears that the position of 
the centre of pressure is independent of the inclination of the 
plane to the horizon, so that if a plane area be immersed in fluid, 
and then turned about its line of intersection with the surface at 
a fixed axis, the centre of pressure will remain imchanged. 

If in the equations (a) we make h constant, that is, suppose 
the plane horizontal, x and y are the co-ordinates of the centre 
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of gravity of the area, a result in accordance with Art. (36) ; but 
if we suppose 6 evanescent in the equations ()8), the values of S 
and y are the same as for any finite value of the angle. This 
apparent anomaly is explained by considering that, however 
small 6 be taken, the portion of fluid between the plane area and 
the surface of the fluid is always wedge-like in form, and the 
pressures at the different points of the plane, although they all 
vanish in the limit, do not vanish in ratios of equality, but in 
the constant ratios which they bear to one another for any finite 
value of d*. 

39. Example (1). A given volume of inelastic fluid is at 
rest on a fixed plane, under the action of forces to a fixed point 
in the plane, varying as the distance ; required to find the pres- 
sure on the plane. 

Taking the fixed point as origin, the expression for the 
pressure at any point is 

where r is the distance firom the origin ; and if \irc^ be the given 
volume, the free surface is a hemisphere of radius a, and 

The portion of the plane in contact with fluid is a circle of 
radius a, and therefore the pressure upon it 

= I prdrdO 

Jq Jo 



* The equations of this article may be obtained by the following reasoning, which, 
as a slightly different method, it may be perhaps useful to insert. 

Through the boundary line of the plane area draw yertical lines to the surface, 
and let the fluid so enclosed be considered solid ; then the reaction of the plane, re- 
TolYedTertically,i8 equal to the weight of the solidified fluid, and acts in a yertical line 
through its centre of gravity, and the point in which this line meets the plane is the 
centre of pressure. 

Taking the same axes as in (38), the weight of an elementary prism, acting through 
the point «r, y, is gph da By cos 6 where 6 is the inclination of the plane to the horizon, 
and therefore the centre of these parallel forces (Todhnnter^s Statics, Art. 66) acting 
at points of the plane, is given by the equations 

, ffgph X COB d dy dx - Jfjfgphy cos 6 dy djp 
^'~ jrjrgph COB Qdy dx ' ^ ~ Jffgph cob 6 dy dx ' 

- ffhxdydx . ffTiy dy dx 
°' *" ffhdydx ' ^^ Jfhdydx • 
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This restilt may be written in the form fi fa . f w/ja', which 
is the expression for the attraction on the whole mass of fluid, 
supposed to be condensed into a material particle at its centre of 
gravity, and might in fact have been at once obtained by con- 
sidering the fluid solidified, and kept at rest by the attraction to 
the centre of force and the reaction of the plane. (See Tod- 
hunter's Statics^ Art. 220). 

Ex. 2. A rectangle has two sides horizontal, to find its 
centre of pressure. 

Take the upper side for axis of j^, and its middle point as 
origin ; let a, J, be the sides of the rectangle, c the depth of the 
origin, and the inclination to the horizon of the plane of the 
rectangle. 

Divide the rectangle into horizontal strips, and let x be the 
distance of one of these from the origin ; then its depth is 

c + aj sin 0, 

and the pressure on an element is 

ffp{c + x sin 0) bSx ; 

-__//a;(c+i»sin^)eZ»_a 3c + 2a sin 
" ^"" Jo''{c+^xam0)dx "3 2c + asin^ ' 

and the value of ^ is evidently zero. 

If 5 = 0, x = -) but if c = 0, x = |a, 

results illustrative of the remarks of Art. 38. 

Ex. 3. A quadrant of a circle just immersed in a heavy 
homogeneous fluid, with one edge in the surface. 

Take Ox, the edge in the surface for axis of x, 

t]ienj)=ffpy, 

the limits of the integrations for y being the same as for x. 
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a^dxdy = \jx • (a* — ic*) do: = Ja*, 

— 3 3 

If the density be yariable, the formulse are 

ffpydxdy ' ^ IJpydxdy ' 
Let p X depth = fiy ; 

' Mdxdy' y^jjjtdxdy' 

Now !!x}^dxdy = J/a? (a" - aj^)* dx = —a'^, 

_ 16 a , - 32 a 
/• a; = — — , and v = . 

15 TT ' ^ 15 TT 

Employing polar co-ordinates, the last case would be treated 
as follows. 

Taking the line in the surface as the initial line, 

J) = fffyr sin = figr^ sin' 0y 

I* r r* Bin' e COB edrdd io'.i ,„ 



na 1 ^4 -TT 15 TT ' 



•'0 



f *["»•' sin' ^<&-d» io'.l „„ 
I \ i>Bm*edzde 4* '4 
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Ex. 4. A vertical rectangle exposed to the action of the 
atmospheije at an equable temperature. 

If n be the atmospheric pressure at the base of the rectangle, 

the pressure at a height z is He *, Art. (25), and if 5 denote the 
breadth, the pressure upon a horizontal strip of the rectangle 

.'. the resultant pressure, if a be the height, 
and the height of the centre of pressure 



±0 



I «€*" * dz 

J o 



k a 



I. 



€ ^ dz ^ €* - 1 





Ex. 5. A hollow cube is very nearly filled with fluid, and 
rotates uniformly about a diagonal which is vertical ; required 
to find the pressures upon, and the centres of pressure of, its 
several faces. 

I. For one of the upper faces ^ABGD. 




6. H. 
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Take AD, AB, as axes of x and y ; r, «, the vertical and 
horizontal distances of any point P (x, y) from A, 

then -^ = Jg)V* +5'«, 

•27 ^~ 1/ 

z = — T^ , projecting tie broken line ANP on AE, 

na 
n 



CO 



The centre of pressure is given by the equations 

xP=yP=pj j x)^^{a?+y'''xy) + ^{x + y)^dydx; 

-_-_ A2g + 9 V3ft)'a \ 

II. For one of the lower faces ECDF, 
.take JEF, -B(7 as axes, then for a point Q 

and the rest of the process is the same as in the first case. 

40. Prop. A vessel having a plane hose and plane vertical 
sides, contains two fluids which do not mix; to find the resultant 
pressures on the hase and sides. 

Let p be the density and h the depth of the upper fluid, p, h\ 
corresponding quantities for the lower fluid ; the common surface 
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must be a horizontal plane, Art. (26) the pressure at any point 
of which is gph, and the pressure at a depth z below the common 
surface is gph+gpz] the pressure at any point of the base is 
therefore gph +gph\ 

Taking h for the breadth of one of the vertical sides ; the 
pressure of the upper fluid upon it = Jfl'/oJA", and the pressure of 
the lower fluid 



/, 



K 



= 1 g{ph + pz) hdz =gh1i {ph + \ph'). 

Jo 

The resultant pressure is the sum of these two and is equal to 

gb{iph' + phh' + ip'h''). 

The moment of the fluid pressure on this side about its line 
of intersection with the surface 

=; I gphz^dz + / g {ph + pz) bzdz : 

performing the integrations, and dividing by the expression for 
the resultant pressure investigated above, we obtain the depth of 
the centre of pressure, 

41. Prop. To find the resultant vertical pressure on any 
surjhce of a homogeneoiis inelastic fluid at rest under the action of 
gravity. 

Let PQ be a surface exposed to the action of a heavy fluid ; 
let^JSbe the projection oiPQ on the 
surface of the fluid, and suppose the 
fluid contained between PQ and the 
vertical lines through its boundary 
which meet the surface in AB to be 
solidified. 



The solid AQ i& supported by 
the horizontal pressure of the fluid, 
and by the reaction of PQ\ this 
reaction resolved vertically must be 
equal to the weight of PQ, and con- 
versely, the pressure on PQ is equal to the weight of A Q, and 
acts through its centre of gravity. 
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K PQ be pressed upwards by the fluid as in the figure, pro- 
duce the surface of the fluid, project PQ on it as before, suppose 
the space -4 Q to be filled with fluid of the same kind, and re- 
move the fluid from the inside. 




Then the pressures at all points of PQ are the same as before^ 
but in the contrary direction, and since the vertical pressure in 
this hypothetical case is equal to the weight of -4Q, it follows 
that in the actual case, the resultant vertical pressure upwards is 
equal to the weight of A Q, , 

K the surface be pressed partially upwards and partially 
downwards, draw through P the highest point of the portion of 
surface considered a vertical plane PR, and let A GB be the 
projection on the surface of P8Q. 




Then the resultant vertical pressure on PSR, 

= the weight of the fluid in P8R, 
and on RQ=: CQ, 



r 
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. Art. (26) the pressure at any point 

1..^ j..«\ssiire at a depth z below the common 

j)rcssure at any point of the base is 

adtli of one of the vertical sides; the 
nl upon it =^gphh^y and the pressure of 



pz)bdz=gbh'{ph + iph'). 

Is the sum of these two and is equal to 

.//.(ipA^ + pM' + ipT^). 

ihe fluid pressure on this side about its line 
rhe surface 



i gpb^^dz + 1 g {ph + p'z) hzdz : 



itegrations, and dividing by the expression for 
-r*ure investigated above, we obtain the depth of 



ssure. 



To find the resultant vertical pressure on any 
iogeneous inelastic fiuid at rest under the action of 



a surface exposed to the action of a heavy fluid ; 

•rejection of P^ on the 

fluid, and suppose the 

'I between PQ and the 

through its boundary 

he surface in AB to be 

id -4^ is supported by 

':al pressure of the fluid, 

c reaction of PQ; this 

solved vertically must be 

ic weight of PQ, and con- 

.c pressure on PQ is equal to the weight o{ AQ, and 

gh its centre of gravity. 
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43, Hence, in general, to determine the resultant fluid pres- 
sure on any surface, find the vertical pressure, and the resultant 
horizontal pressures in two directions at right angles to each 
other. These three forces may in some cases be compounded into 
a single force, the condition for which may be determined by 
the usual methods of Statics. 

Ex. A hemisphere is filled with homogeneous fluid: re- 
quired to find the resultant action on one of the four portions 
into which it is divided by two vertical planes through its centre 
at right angles to each other. 

Taking the centre as origin, the bounding horizontal radii 

as axes of x and y, and the vertical radius as the axis of «, the 

pressure parallel to x is equal to the pressure on the quadrant 

yOz, which is the projection, on a plane perpendicular to Ox, 

of the curved surface, 

irc? 4a 1 a 

and the co-ordinates of its point of action are 



( 



0, ga, jgTra 

Art. 39 ; similarly, the pressm-e parallel to Oy = q^/oo', and acts 

through the point, 

3 3 

The resultant vertical pressure = the weight of the fluid 

1 ... .3 

^-gfyircl^, and acts in the direction of the line x=-a^y. 

The directions of the three forces all pass through the point 

'333^ 
ga, -a, -Tra 

and they are therefore equivalent to a single force 

■nOpci^ 'sli'J^ + 8) in the line 



X 



3 3 2 / 3 \ 

-ga = y-ga = -(^-l-g7raj. 
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or a; = y = — «, 



2 

IT 



a straight line through the centre, as must obviously be the ease, 
since all the fluid pressures are normal to the surface. The point 
in which it meets the surface of the hemisphere may be called 
* the centre of pressure.' 

44. Prop. To find the resultant pressure on the surface of 
a solid either wholly or partially immersed in a heavy inelastic 
fluid. 

Suppose the solid removed, and the space it occupied filled 
with fluid of the same kind, and conceive this fluid solidified ; the 
resultant pressure upon it wi^ be the same as upon the orignal 
solid. But the solidified fluid is at rest under the action of its 
own weight, and the pressure of the fluid surrounding it : the 
resultant pressure is therefore equal to the weight of the fluid dis- 
placed, and acts in a vertical line through its centre of gravity*. 

The same reasoning evidently shews that the resultant 
pressure of an elastic fluid on any solid is equal to the weight 
of the elastic fluid displaced by the solid. 

45. Prop. To find the resultant pressure on any surface of 
a fluid at rest under the action of any given forces. 

Let j> be the pressure, determined as in Chapter II., at any 
point (a?, y, z) of a surface, w = 0, exposed to the action of the fluid. 
Then if 

L _ (^ f^y f^y 

P'^ydx) '^[dyj '^[dzj ' 

-pdu -pdu -pdu 
dx^ dy^ dz^ 

are the direction-cosines of the normal at the point (a?, y, z). 



* This reBult may also be obtained by means of Arts. 41 and 42, as follows : Draw 
parallel horizontal lines touching the surface, and forming a cylinder which encloses 
it ; the ounre of contact divides the surface into two parts^ on which the resultant 
horisontal pressures, parallel to the axis of the cylinder, are by Art. 42 equal and op- 
posite; the horizontal pressures on the solid therefore balance each other and the 
resultant is wholly verticaL To determine the amount of the resultant vertical pres- 
sure, draw parallel vertical lines touching the surface, and dividing it into two portions 
on one of which the resultant vertical pressure acts upwards, and on the other down- 
wards; the difference of the two, by Art. 41, is evidently the weight of the fluid dis- 
placed by the solid. 
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Let S8 he Bsji element of the surface abont the same point. 
The pressures on this element, parallel to the axes, are 

p''^^' p^'p^' i'^S^^' 

.'. if X, Y, Z, and L, Jf, N, be the resultant pressures parallel to 
the axes, and the resultant couples, respectively, 

. x.jj.p'iM, r-fjppps, z.jj,Pps. 

the integrations being made to include the whole of the surface 
under consideration. 

These resultants are equivalent to a smgle force if 

XL + YM+ZN=0. 

46. The surface may be divided into elements in three 
different ways by planes parallel to the co-ordinate planes. 

Thus, SxBi/ = projection of S8 on xy = P-7- S8; 

and .\Z=jjp]cdy\ and similarly, X=JJpdydz, and Y^JJpdzdx^ 

L=ijjp (ydxdy — zdxdz), 

== SS p {ydy - zdz) dx, 

M=JJp {zdz — osdx) dy, 
N=JJp {ocdx—ydy) dz, 

47. If the fluid be at rest under the action of gravity only, 
and the axis of « be vertical, ^ is a fimction of «, <f> (z) suppose, 
and therefore, 

which is evidently the expression for the pressure, parallel to a?, 
upon the projection of the given surface on the plane yz ; and 
similarly Y is equal to the pressure upon the projection on oms. 
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. Again, if the fluid he incompressible and acted upon by 
gravity only, pdxdy is equal to the weight of the portion of fluid 
contained between h8 and its projection on the surface; 

.*. Z or ffpdxdtf, is the weight of the superincumbent fluid. 

These results accord with those previously obtained, Arts. 
41 and 42. 

EXAMPLES, 

1. Find the centres of pressure of a parallelogram with one 
side in the surface, and of a triangle with one side in the surface. 

2. Water is poured into a hollow sphere, determine the 
depth of the water when the resultant pressure is half the total 
normal pressure. 

3. A conical wine-glass is filled with water and placed in 
an inverted position upon a table j if the whole pressure of the 
water on the glass be double its resultant pressure, find the ver- 
tical angle of the cone. 

4. A hollow paraboloidal vessel, open at the top, is inverted 
and placed on a horizontal table ; fluid being poured in through 
a hole at the vertex, find its height when it begins to escape, 
and the condition that this may be possible. 

5. Find the centre of pressure of a square lamina having 
one angular point in the surface of a fluid ; and supposing it to 
be moved about the angular point in its own plane, which is 
fixed, and to be always totally immersed, find the locus of its 
centr; of pressure. 

6. Find the centre of pressure of an elliptic lamina just 
immersed in a heavy fluid; and supposing it turned round in 
the same vertical plane, so as to be always just immersed, find 
the locus with respect to its axes of the centre of pressure. 

7. A cubical box, filled with water, has a close-fitting heavy 
lid fixed by smooth hinges to one edge ; compare the tangents 

B. H, 6 
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of the angles through which the box must be tilted about the 
several edges of its base, in order that the water maj just begin 
to escape. 

8. Find the centre of pressure of a semi-ellipse (axes 2a 

and a) which is bounded by a diameter inclined at the angle — 

to its major axis, its plane being vertical, and the diameter in 
the surface. 

9. If a plane area immersed in a fluid revolve about any 
axis in its own plane, prove that the centre of pressure describes 
a straight line in the plane. 

10. The initial radius lying in the surface, find the centre 
of pressure of the loop of the curve r=:a cos 20, which is com- 
pletely immersed. Also find the centre of pressure of one of the 
half loops immersed. 

11. A plane area is wholly immersed in a fluid in a position 
not horizontal ; if the area be turned about its centre of gravity 
in its own plane, shew that the locus of the centre of pressure of 
the area will be an ellipse. 

12. A square board immersed in fluid is moveable about a 
horizontal side as a fixed axis ; shew that the locus of the centre 
of pressure is defined by the equation 



»' = r. 



a 3c — 2a sin ^ 
3' 2c- a sin 5' 



where a is the side of the square, c the depth of the fixed side 
below the surface, and r the distance of any point in the locus 
from the fixed axis ; the prime radius being horizontal. 

13. A hollow cube is very nearly filled with fluid, and is 
made to rotate uniformly about a vertical edge ; find the pres- 
sure upon, and centres of pressure of, its several sides. 

14. A closed cylinder, very nearly filled with fluid, rotates 
uniformly about a generating line, which is vertical ; find the 
resultant pressure on its curved surface. 
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Determine also the point of action of the pressure on its 
upper end, 

15. A cube is filled with a fluid the density of which varies 
as the depth. The diagonal which passes through the highest 
comer of the cube makes angles a, /S, 7, with the vertical. Find 
the resultant pressure on one of the upper faces of the cube. 

16. A cone is filled with fluid, and fitted with a heavy lid, 
moveable about a hinge ; it is then made to revolve uniformly 
about the generating line through the hinge, which is placed 
vertical ; find the greatest angular velocity consistent with no 
escape of the fluid. 

17. A cube whose edge is 2a, and whose faces are hori- 
zontal and vertical, is surrounded by a mass of heavy fluid, the 

volume of which is 8a' {tt Vg — 1} ; the fluid is acted on by a 
force tending to the centre of the cube, and varying as the dis- 
tance, the force at the distance a being g ; find the form of the 
firee surface and the pressure at any point: also if one of the 
vertical faces of the cube be moveable about a horizontal line in 
its own plane, shew that the face will be at rest, if this line be 

at a distance -a firom the lowest edge of that face. 

18. A hollow cone open at the top is filled with fluid ; find 
the resultant pressure on the portion of its surface cut off, on 
one side, by two planes through its axis inclined at a given 
angle to each other; also determine the line of action of the 
resultant pressure, and shew that, if the vertical angle be a right 
angle, it will pass through the centre of the top of the cone. 

19. A quantity of incompressible fluid acted upon by a 
central force varying as the distance is contained between two 
parallel planes ; if A^ J5, be the areas of the planes in contact 
with the fluid, shew that the pressures upon them are in the 
ratio A? : B^. 

20. A hollow sphere is full of fluid, the density of which 
varies as the (depth)*; shew that the whole pressure on the 
surfieu^ of the sphere : the resultant pressure :: w-i-3 : n + 1. 
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21. Water in a vessel completelj full is made to rotate 
uniformlj about a horizontal axis; find the surfiftces of eqnal 
pressure. 

22. A vessel in the form of a surface of revolution has the 
following property ; if it be placed with its axis vertical, and 
any quantity of fluid be poured into it, the ratio of the total 
normal pressure to the resultant vertical pressure varies as the 
depth of the fluid poured in. Shew that the equation to the 
generating curve is 



CHAPTEE IV. 

THE EQUILIBRIUM AND THE OSCILLATIONS OP FLOATING 

BODIES. 



48. Prop. To find the conditions of equiltbrtum of a fixat- 
ing hody. 

We shall suppose that the fluid is at rest under the action 
of gravity only, and that, under the action of the same force, the 
body is floating freely in the fluid. The only forces then which 
act on the body are its weight, and the pressure of the surround- 
ing fluid, and in order that equilibrium may exist, the resultant 
fluid pressure must be equal to, and act in an opposite direction 
to, the weight of the body. Now we have shewn. Art. (43), 
that the resultant pressure of a heavy fluid on the surface of a 
solid, either wholly or partially immersed, is equal to the weight 
of the fluid displaced, and acts in a vertical line through its 
centre of gravity. 

Hence it follows that the weight of the body must be equal 
to the weight of the fluid displaced, and that the centres of 
gravity of the body, and of the fluid displaced, must lie in the 
same vertical line. 

These conditions are necessary and sufficient conditions of 
equilibrium, whatever be the nature of the fluid in which the 
body is floating. K the fluid be heterogeneous, the displaced 
fluid must be looked upon as following the same law of density 
as the surrounding fluid; in other words, it must consist of 
strata of the same kind, and* continuous with, the horizontal 
strata of uniform density, in which the particles of the surround- 
ing fluid are necessarily arranged. 

If for instance a solid body float in water, partially immersed, 
its weight will be equal to the weight of the water displaced, 
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together with the weight of the air displaced ; and if the air be 
removed, or its pressure diminished by a diminution of its den- 
sity or temperature, Art. (19), the solid will sink in the water 
through a space depending upon its own weight, and upon the 
densities of air and water. This may be further explained by 
observing that the pressure of the ai on the wa J is greater 
than at any point above it, and that this surface pressure of the 
air is transmitted by the water to the immersed portion of the 
floating body, and consequently the upward pressure of the air 
upon it is greater than the downward pressure. 

49. We now proceed to illustrate the application of the 
above conditions, by the discussion of some particular cases. 

Ex. 1. A portion of a solid paraboloid, of given height, 
floats with its axis vertical and vertex downwards in a homo- 
geneous fluid, required to find its position of equilibrium. 

Taking 4a as the latus rectum of the generating parabola, 
A its height, and x the depth of its vertex, the volumes of the 
whole solid and of the portion immersed are respectively 2iraJi^ 
and 27raa^ ; and if p, cr, be the densities of the solid and fluid, 
one condition of equilibrium is 

p . 27raA' = <T . 27raar* ; 



X 



-Jh'" 



which determines the portion immersed, the other condition 
being obviously satisfied. 

Ex. 2. A triangular prism floats in a fluid with its edges 
horizontal, to find its positions of equilibrium. 

Let the figure be a section of the prism by a vertical plane 
through its centre of gravity. • 

PQ is the line of floatation and H the centre of gravity of 
the fluid displaced. When there is equilibrium the area APQ 
is to ABC in the ratio of the density of the prism to the density 
of the fluid, and therefore for all possible positions of PQ the 
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area APQ is constant ; henoe PQ always touches, at its middle 
point, a hyperbola of which ABy A (7, are the asymptotes. 




Also HG must be perpendicular to PQ, and therefore since 

AH: HE=Aa : GF, 

FE must be perpendicular to PQ, that is, FE is the normal 
at E to the hyperbola. The Problem is therefore reduced to 
that of drawing normals from i^^to the curve*. 

Let a?y = c* be the equation to the curve referred to AB, A G 
as axes, and let 

zBAG-=0, AB^2a, A0^2b (a). 

Let X, y, be the co-ordinates of j^; the co-ordinates of jPare 
a, by and the equation to the normal at E is 

vqobO — X f^ . 

v—y — - 3 (f — ^)« 

' ^ XQO^O-y^^ ' 

And if this pass through jP, the co-ordinates of which are a, 5, 

(J — y) (ajcosd — y) = {a-^oi) (ycosd — a?), 

or aj^-(a + Jcosd)a; = y*-(acos^ + J)y (/S). 

• Senate- ffoute Problems, 1852. 
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The equations (a) and (fi) determine all the points of the 
hyperbola, the tangents at which can be lines of floatation. 

Also (iS) is the equation to an equilateral hyperbola, referred 
to conjugate diameters parallel to ABy AG; the points of inter- 
section of the two hyperbolas are therefore the positions of E, 

To find X, we have 

X* — {a + h cos ^) . a^ + (a cos ^ + b) <?x — c* = 0, 

an equation which has only one negative root, and one or three 
positive roots, and there may be therefore three positions of 
equiUbrium or only one. 

If the densities of the fluid and the prism be p and o-, we 
have, since the area PA Q 

= \AP.AQ^m ^ = 2ajy sm ^ = 2c" sin d, 

2p(? sin ^ = 2(Tah sin d, 

or pc* = (ToJ, 
from which c is determined. 

Suppose the prism to be isosceles, then putting a = 6, the 
equation for x becomes 

a;*-c*- a (1 + cos ^) {a?-<?x)^0\ 

from which we obtain x^^c^ which gives y = c, and makes Ij^jSC 
horizontal, an obvious position of equilibrium, and also 

a;=:|(l + co8d)±|j(l + cos^)"-c"l* 

= a cos'- ± (a* cos*- — c')* ; 

the isosceles prism will therefore have only one position of equi- 
librium, unless 

a cos' o ^ ^ > 



I 



cos' 
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and since p<? = (FcI^ this is equivalent to 

/a* 

Ex. 3. Detennine the position of equilibrium of a balloon 
of given size and weight, neglecting the variations of tempe- 
rature at different heights in the atmosphere. 

If the temperature be constant, the pressure of the air at a 

-? . .11-^ 

height « = ne , and its density =x^ *> ^ being the atmo- 
spheric pressure at the level from which the height is mea- 
sured. 

The air displaced consists of a series of strata of variable 
density, and if z be the height of the lowest point of the balloon, 
X the distance from that point of any horizontal section (X) of 
the balloon, and h its height, the weight of a stratum of the air 
displaced is 

and the whole weight of air displaced 

The form of the balloon being given, X is a known ftmction 
of a?, and if TT be the weight of the balloon and of the gas it 
contains, the height z will be determined by equating W to the 
expression we have obtained for the weight of the air displaced. 

Ex. 4. A homogeneous solid floats, wholly immersed, in a 
fluid of which the density varies as the depth ; to find the depth 
of its centre of gravity. 

Let a, c, be the depths of the highest and lowest points of 



* Note OH Ex. 2. Itii evident that, if any solid float so that the immersed portion is 
a triangolar prism, the construction employed in Ex. 2 will determine its positions of 
eqniliMom ; for if G be its centre of gravity, and AG be joined and produced to F so 
that AGss2GF, FiaA fixed pohit through which the normal at E mnst always pass. 

B. H. 7 
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the solid, Z the area of a horizontal section of the solid at a 
depth z^ and iiz the density ; 

the weight of the fluid displaced = I gfizZdz. 

J a 

Let z he the depth of the centre of gravity of the solid and 
Fits volume, then 



Vz = I'Zzdz ; 

J a 



therefore the weight of displaced fluid = gyl^ F, and if /o he the 
density of the solid, its weight =^/(>F; hence p = fiZy or the 
solid floats in such a position that the density of the fluid at 
the depth of its centre of gravity is equal to its own density. 

50. If a solid float under constraint, the conditions of equi- 
librium depend on the nature of the constraining circumstances, 
but in any case the resultant of the constraining forces must act 
in a vertical direction, since the other forces, the weight of the 
body, and the fluid pressure, are vertical. 

If for instance one point of a solid be fixed, the condition of 
equilibrium is that the weight of the body and the weight of the 
fluid displaced should have equal momenta about the fixed 
point ; this condition being satisfied, the solid will be at rest, 
and the strain on the fixed point will be the difference of the 
two weights. 

As an additional illustration, consider the case of a solid float- 
ing in water and supported by a string fastened to a point above 
the surface: in the position of equilibrium the string will be 
vertical, and the tension of the string, together with the result- 
ant fluid pressure, which is equal to the weight of the displaced 
fluid, will coimterbalance the weight of the body; the tension 
is therefore equal to the difference of the weights, and the 
weights are inversely in the ratio of the distances of their lines 
of action firom the line of the string, these three lines being in 
the same vertical plane. 

51. Prop. A solid of revolution floats in a fluid which rotates 
uniformly about a vertical aocis, the axis of the solid coinddinff 
with the axis of rotation; required to find the condition of equtli- 
hrium. 
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In a mass of rotating fluid, suppose a surface of revolution 
described, having its axis coincident with the axis of rotation, 
and let the fluid within this surface be made solid. No imme- 
diate change of motion will be produced, and since the rotation 
is about a principal axis, and the fluid pressures on the solidified 
fluid are normal to its surface, no subsequent change will take 
place, and the solidified fluid will continue to rotate as before. 
The resultant of the fluid pressures upon this solid is therefore 
equal to its weight, and the same pressures being exerted on the 
surface of any solid occupying the same space, it follows that 
any such solid will be in equilibrium, if its weight be equal to 
the weight of the fluid it displaces. 

It will be seen moreover that it is quite indifierent.whether 
the solid rotate with the fluid, or with a different angular velocity, 
or be at rest. 

52. Ex. A cylinder floats in rotating fluid; to find the 
depth to which it is immersed. 

If © be the angular velocity, the equation to the generating 
parabola of the free surface, taking its vertex as the origin, is 
©y «= 2gx^ and if « be the depth of the base of the cylinder 
below the circle of floatation, that is, the circle in which the free 
sur&ce intersects the surface of the cylinder, and c the radius of 
the cylinder, the volume of the displaced fluid is the difference 
between the volume of a height z of the cylinder, and the volume 

©V 

of a height -— — of the paraboloid. 

if 



Hence, if cr be the density of the cylinder and p of the fluid, 

(Tir<?h = p yirc^z — j , 



3 2 

and « = - A + 



^9 



The stability of the equilibrium of floating bodies. 

53. If a floating body be slightly displaced, it will in general 
either tend to return to its original position, or will recede 
farther from that position ; in the former case the equilibrium is 
said to be stable^ and in the latter unstable, for that particular 
direction of displacement. 
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Consider first a small vertical displacement : it is clear, if the 
body be floating partially immersed in homogeneous fluid, or if 
it be immersed, either wholly or partially^ in a heterogeneouB 
fluid of which the density increases with the depth, that a de- 
pression will increase the weight of the fluid displaced, and on 
the contrary an elevation will diminish it; in either case the 
tendency of the fluid pressure is to restore the body to its position 
of rest, and the equilibrium is stable with regard to vertical dis- 
placements. This, it will be observed, is only shewn to be true 
of rigid bodies ; if the increased pressure, caused by depression, 
have the efiect of compressing any portion of the floating body, 
the equilibrium is not necessarily stable^ and in fact it may be 
unstaile, 

54. An arbitrary displacement will in general involve both 
vertical and angular changes in the position of the body; if 
however the displacement be small, as we have supposed to be 
the case, the efiects of the two changes of position can be treated 
independently; and we proceed to consider the effect of a small 
angular displacement, on the supposition that the weight of fluid 
displaced remains unchanged, and consequently that the fluid 
pressure has no tendency to raise or depress the centre of gravity 
of the body. 

For the proposed investigation, the following geometrical 
proposition will be found important. 

J^ a solid be cut hy aplane^ and this plane he made to turn 
through a very small angle about a straight line in itself ^ the 
volume cut off will remain the same, provided the straight line 
pass through the centre of gravity of the area of the plane 
section. 

To prove this, consider a right cylinder of any kind cut by 
a plane making with its base an angle 0. 

Let z be the distance from the base of the centre of gravity 
of the section A, BA an element of the area of the section and V 
the volume between the planes. Then 

^ 3 ; 
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or F= i (area of base). 

Now the centre of gravity of tlie area A is 
also the centre of gravity of all sections made 
by planes passing through it, as may be seen 
by projecting the sections on the base of the 
cylinder ; it follows therefore, that, z being the 
same for all such sections the volumes cut off 
are the same. 

In the case of any solid, if the cutting plane be turned 
through a very small angle about the centre of gravity of its 
section, the surface near the curves of section may be considered, 
without sensible error, cylindrical, and the above proposition is 
therefore established. 

In other words, the difference between the volume lost and 
the volume gained by the change in the position of the cutting 
plane will be indefinitely small compared with either. 

55. A solid, floating cU rest in a homoffeneotts fluid, is made 
to turn through a very small angle in a given vertical plane; to 
determine whether the fluid pressure wiU tend to restore it to its 
original position or not. 

Take the case in which the body is symmetrical with respect 
to the vertical plane through its centre of gravity in the direc- 
tion of which it is displaced ; and suppose the volume of fluid 
displaced to be unchanged. 

Let AEG be the original plane of floatation and BG the 
direction of the fluid surface after displacement, G the centre of 
gravity of the solid, H of the fluid originally displaced, and V 
the volume of the fluid displaced. 
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In the 2nd figure CN is the line of intersection of the two 
planes A Ga, JBOb^ which is per- 
pendicular to the plane ACB, 
in the first figure. 

The resultant fluid pressure 
is the weight of Bab acting up- 
wards, and is therefore equiva- 
lent to the weight of ABa acting 
upwards, of the wedge a Ob acting upwards, and of the wedge 
A CB acting downwards. 

The volume of an element PN of the wedge, 

= ^PN^S08x, 

when X = CN, and the distance from CN of its centre of gravity 
is ^PN; hence, taking the quantity gp to be unity, the mo- 
ment of the fluid pressures about a horizontal axis through Cf 
parallel to CN 

= V. HG sin i0^t iiPN' B0 Bx), 

the summation extending through both wedges, 

and .\ ^{V.HG''Ak')S0, 

where A is the area Aa, and k its radius of gyration relative to 
the line CN. 

If this moment is negative the solid tends to return to its 
original position, i. e. the equilibrium is stable, if 

»nd conversely, is tinstable, if 

If M be the point in HG through which the resultant ver- 
tical pressure of the fluid acts, in other words, -if the vertical line 
through the centre of gravity of the fluid displaced meet SCf 
in M, the moment is 

V. GMsin 80, 

or V{HG-mf)S0; 



.: HM= 



V ' 
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and the equilibrium is stable or unstable according as SM> or 
<HG. 

The point M is called the metacentre. 

If HQ = -yr- , that is, if M and Q coincide, the equilibrium 
is said to be neutral. 

56. If the plane of displacement do not divide the body 
symmetrically, the expression 

will still represent the moment of the fluid pressures, but the 
line of action of the resultant fluid pressure will not necessarily 
lie in the plane ABa. 

Let X be the distance measured in the direction CN, 2nd 
figure, of the vertical through the centre of gravity (J?') of the 
solid Baby then, 

FJ=S^.f IxQUPdx-^Se.rixPN'dx, 

where QM refers to the wedge aOb, and x\ x" are the extreme 
values of a?; and if y, an ordinate corresponding to either part of 
the plane of floatation, be considered positive when measured in 
the direction Ca, this may be written 



V^=:S0J \xyHx. 



If the projection of the vertical through -5"' on the plane 
ABa meet HQ in jJf, the moment of the fluid pressures about Q 
will still be represented by F. GMS0, and therefore as in the 
previous case V.HM=k^A, and if rotation in the direction of 
the plane ABa only be allowed, the position of the poilit M de- 
fines the stability of the equilibrium. 

57. It must be observed that the above investigation Is 
essentially statical; it Is simply an inquiry into the direction 
in which the moment of the fluid pressure about a certain 
horizontal axis through G is acting in the position of displace- 
ment contemplated. 
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ConBidered dynamicallj, if the horizontal axis through Q be 
not a principal axis, the forges introduced by displacement will 
cause accelerations about other axes through {?, and will conse- 
quently produce rotations about varying axes. 

Moreover a rotation about O would, except in the case in 
which F and (7, Art. 55, are coincident, cause a change in the 
quantity of fluid displaced, and vertical oscillations would there- 
fore ensue. 

58. Ex. 1. A solid cone floating with its axis vertical and 
vertex downwards. 

Let h be the length of the axis, 

z the portion of the axis immersed, 

2a the vertical angle of the cone. 

So tfliTl O. 

Then -4A;* = 7r«' tan' a . — -. — , 

and F=-7r2'tan'a; 

.*. -H3/=-7«tan'a; 

also HQ^-h'^-z. 

and therefore the equilibrium is stable or unstable, according as 

z tan* a > or < A — fij, 
or z> ot <h cos* a. 



But if /), <r, be the densities of the fluid and cone, 

8 

therefore the equilibrium is stable or imstable as 



^1'V 



- > or < (cos a)*. 
P 
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Ex. 2, An isosceles triangular prism floating with its base 
not immersed, and its edges horizontal* 

Beferring to Art. 49, consider first the position of equilibrimn 
in which the base is inclined to the horizon. 

In this case, i£AQ = 2t/ and -4P= 2a:, x and y are given by 
the equations 

The co-ordinates of G and H referred to AB^ AO M axes 
are respectively, 

2 2 2 2' 

-a, ga, and^a;, -y, 

.-. fi^fl^ = |{(a-ir)«+(a-y)»-2(a-aj)(a-y)cos«} 

4 
= - {aj^+y'+ 2ajy cos ^ - 2a (1 + cos ^) (a; H-y) + 2a' (1 + cos ^}, 

from wUch, by means of the above equations, we obtain 

5<? = |8inf (o«C08'|-C^». 

The area PA Q = 2(? sin 0, and if Jf be the metacentre, and 
I the length of the prism, 

2ld'sm0.HM^^.PQJ, 

12 



24c* sin * 
But P^ = 4(ai"+/-2a2^cos^) 

= 16 cos'— (a'cos' - — c') ; 

.-. fi3f=|--^(a'co8'|-<^«, 
c'sin^ 

B. H. 8 
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and J33f > EG, if c»8m'|<coa*| (a*cos»|-<^, 

MM M 

1. e. if cos ^ > - . 
2 a 

Next, consider the case in which the base \b horizontal, and 
PQ therefore parallel to AB. 

The areaP^Q = 2c*8in^, 

AP=^AQ=^2c, and PC = 4csin|, 

M 

4 2 4 e 

Hence, HM^ - c a > and HG =«(<*" ^) ^s - , 

COS- 

and IIM>Ha ifcos«f<-. 

2 a 

Now in the Art. 49, before referred to, we have shewn that 
there are three positions of equilibrium, or one only, according as 

cos* - > or < - . 
2 a 

Hence it follows, that when there are three positions of eqtii- 
librium, the intermediate one, in which AB is horizontal, is a 
position of unstable equilibrium, while in the other two positions 
the equilibrium is stable. 

If there be only one position in which the prism will rest, its 
equilibrium is stable. 



Finite Displacements, 

59. A more general case for consideration would be that of 
a body displaced through a finite angle from its position of 
equilibrium, the subject of investigation being the direction of 
the moment of the fluid pressure. 

We shall consider only the case of a body which is sym- 
metrical with respect to the vertical plane of displacement pass- 
ing through its centre of gravity (G^. 
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Let AGh^ the line through €f in the hodj which is vertical 
in the position of equilibrium, S the centre of gravi^ of the 
fluid displaced, and X the point in which ^6^ is intersected by 
the vertical through S, 

Then it is dear that if AL > AG, the fluid pressure will 
tend to make A O vertical, and if AL <A0, will tend to tutu 
A G ferther from the vertical. 

It is not to be inferred that if AL > AG, the body will 
when set free retnm to its original position and oscillate through 
it, or even that the original position is one of stable eqmlilninm, 
according to our previous definition of stability : it is a general 
law of mechanics that positions of stable and unstable equili- 
brium occur alternately, and the body may have been displaced 
from its original position trough other positions of equilibrium. 

60. As a particular example take the following. 

A solid cone, floating with its axiB vertical and Vd-tex down- 
wards, is turned throi^h an angle d in a vertical plane, the 
volume of fluid displaced remaining the same ; to determine the 
direction of the moment of the fluid pressure. 




Let AB be the major axis of the elliptic section made by 
the snr&ce plane of the floid, its middle point, Aa, Bb, Cc, 
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lines at right angles to AB^ and let the angle AVB^ 2a and 
VA^d. Then 

r-4a = 5-a, and VBb=:ir-0-ou 

2^ 2 ( fiin^ C08(d + a) Bind } 

dcoa0 



COB (^ + a) ' 



Trr 3 7 COSd 
/. VL = Td 



4 cos (^ + a) * 

The semi-minor axis of the ellipse AB is a mean propor- 
tional between the perpendiculars £rom A and B on the axis of 
the conci 

.•• itsarea = 7r|AB(F-4.FB,sin*a)* 



TT^ sing Bin 2a fcos {0 — a) ]* 
^2 cos(6?+a) ' tcoB {0 + a)J ' 



therefore the volnme of the fluid displaced 

= -rfcoB (^ — a) . (area of ellipse) 



-TTcTsin'acosa- 



cos(^ — a)|* 



cos {0 



-an* 



Hence, if p, <r, he the densities of the fluid and the cone, 

since the weight of the fluid displaced is equal to that of the 

cone, we have 

7- . , fcos(^ — a)l* ,- . , 
po'sm' a cos a < 7^- — f h = ahr tan' a, 

\hj p [cos {0 — a) j cos' a 
And Fi > VG if 

jy cos tf , 

cos(^ + a) ' 
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.^ Vcr cos g cos {0 + a) f cos {6 — a) |* 

^"^ V i^^ c^s^^ 'tcos(^ + a)r 

Supposing indefinitely small, we obtain the condition of 
stability for an infinitesimal displacement, 

A /- > cos' a ; as before. 

y P 

Let the equilibrium of the cone be neutral, that is, let 

o- = pcos**a, 

then, after a finite displacement, the action of the fluid will tend 
to restore the cone to its original position, if 

cos a . cos ^ > V{cos (^ + a) . cos {0 — a)}, 

a condition which is always true, a and being each less than 
a right angle* 

In the case of neutral equilibrium of a cone, the equilibrium 
may therefore be characterised as stable for any finite displace- 
ment. 

61. When fluid is contained in a vessel, -vicJiich is slightly 
dispkced fi-om its original position, the preceding investigation 
enables us to determine the line of action of the resultant dovynr 
ward pressure of the fluid. 

The problem in fact in this case, as in the previous case, is 
the following. 

A given volume, the centre of gravity of which is ^ is cut 
from a solid ABC by a plane, and the line OH is perpen- 
dicular to the plane ; the same volume being cut off by a plane 
making a very small angle with the plane ABy to determine 
the position of the straight line perpendicular to the second 
plane, and passing through the centre of gravity of the volume 
cut off by it. 

If the interior surface of the vessel is symmetrical with 
respect to the plane through JET perpendicular to the line of inter- 
section of the two planes, the line whose position is required 
will intersect CH in a point -Jf, the metacentre, the position of 
which is determined by our previous results. 
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62. A hollow yessel containing fluid, floats in fluid; 
quired to determine the nature of the equilibrium, supposing 
the bodj to be symmetrical with respect to the vertical plane 
of displacement through its centre of gravity, and that the 
centres of gravity of the body and of the fluid are in the same 
vertical line. 




Let Jf be the metacentre for the displaced fluid, and M' for 
the contained fluid, TT, W\ the weights of the displaced and 
contained fluids 

Taking moments about G^ the resultant fluid pressures will 
tend to restore equilibrium, or the reverse, according as 

W. GM- W\ GM' 

is positive or negative, i. e. as 

W GiT 

^, > or < ^j^ . 

63. Ex. A hollow cone containing water floats in water 
with its axis vertical. 

Let h = the length of the axis of the cone, 

Ji = the length of the axis in the contained fluid, 
z = the length beneath the surface of the external fluid. 

Taking 2a as the vertical angle of the cone, we have 

jBa[f=|atan»a, Art. (58); 



But 



HG = lh^lz; 
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Similaxly 



also 



4 3 



therefore the equilibritun is stable if 



zV 9Ji sec' g -- 8* 
Ji') ^ 9z sec' a - 8A ' 

z being given "by the equation 



(: 



TV— W = ^gfyir tan' a («' — A") = weight of cone. 

64. In the case in which the centres of gravity of the con- 
tained and of the fluid displaced are not in the same vertical, 
suppose the displacement to take place in direction of the 
vertical plane through the centres of gravity, and that the body 
is symmetrical with respect to that plane» 




Let O be the centre of gravity of the body, H of the fluid 
displaced, H' of the contained fluid, and M^ M\ the metacentres. 

Also let QNN' be horizontal in the position of equilibrium, 
and OLL* the horizontal line through O in the displaced 
position. 

Then TF, W\ having the same meanings as before, and 6 
being the angle of displacement, the equilibrium is stable or 
unstable, as 

W.GL>or<W\OL\ 
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or WiGNcoB0 + MNtmff) > OT <W'{GN' coae+M'N' Binff), 

i.e. Bince W. GN= W. ON', 
W M'lr 

Oscillations of Floating Bodies. 

65. We shall consider 011I7 the case in which the floating 
body is symmetrical with respect to a vertical plane through its 




centre of gravity, and we shall suppose the initial displacement 
parallel to this plane. 

It is evident that the subsequent motions of all points of the 
body will be parallel to this plane, and if the equilibrium be 
stable, that the motion will consist of small vertical and angular 
oscillations. 

First let the vertical line through G and H ( CED) pass through 
the centre of gravity of the plane of floatation. When this is 
the case we can consider the vertical and angular displacements 
independently of each other. 

Suppose a small vertical displacement ; then the portion CE 
of the body which is raised out of the fluid may be considered as 
a thin cylinder, and its weight will act downwards through O at 
the time U 

Let GS= «, then EG^CG-z. 

The moving force downwards on the body = the weight of the 
body — the weight of the fluid displaced 

=^ffpA.z, 
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if J[ be the area of the plane of floatation ; 

M being the mass of the body. 

But Mg = the weight of fluid displaced 

^9? ^9 F being the volume CD; 

cPz gA __ 

is the equation which determines the motion. 

The time of an oscillation is therefore ir * / f -—r-] • 

Next suppose a small angular displacement (a) about (7, then 
O is raised through a space which depends on a', and therefore 
may be neglected in comparison with quantities depending upon a, 
and if the body, supposed at rest, be then left to itself, it will (on 
the supposition that the equilibrium is stable) oscillate about a 
horizontal axis through O. 

It would in fact come to the same thing if the initial displace- 
ment were about Q, as the point G would move sensibly (that is, 
considering small quantities of the first order only,) in a hori- 
zontal direction, and the quantity of fluid displaced would, as 
before, remain unchanged. 

The moment of the fluid pressure about O 

^ gpV . MQ . sin^, 

and tends to diminish 0, the angle made by (?S^ with the vertical 
at the time t. 

VA 
But MG^^-a/iiHG^a^ 

therefore, since the horizontal axis through (? is a principal axis, 
we have 

MK'^=-gp{T^A-aV)e, 

B. H. 9 
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neglecting higher powers of 6^ where ME? is the moment of 
inertia of the body about the horizontal axis through G^ 



j^^d^e^ (VA \^ ^ 



An equation which, when If A >aV^ that is, when M is above <?, 
indicates small oscillations taking place in the time 

If <? is below J? the sign of a will of course be changed. 

66. Secondly, when the line joining J? and O does not pass 
through (7, the two motions are not independent, but the law 
which defines these motions can be determined as follows. 




Suppose the body to be slightly displaced in the vertical 
plane of symmetry, and then left to itself; and at the time t let 
be the angle made by HG with the vertical, and z = CJE the 
depth of G below the surface. 

Let HO meet the plane of floatation in jD, 

HG = a, CD^'b, DG = c, 
and other symbols as before. 

Then the depth of G^ = « + J sin ^+ c cos ^ 

= z + b0 + c, to the order considered. 

The weight of the fluid displaced is the weight of a volume of 
fluid equal to 

aFb-\'EC, or AFB + EC; 
this weight = gp V+ffpAz, 
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and .-. M^^{z + c + bd) = Mg-{gpV+gpA2) 

=^-ffpAz; 
(Pz ,d'd A 

Another equation is to be obtained from the consideration of 
the angtdar motion about the horizontal axis through (?, which 
is a principal axis, perpendicular to the plane of displacement. 

The moment of the fluid pressure about G may be divided 
into two parts, the one due to the portion aFbj and the other to 
the portion EG of the fluid displaced. 

The former part of the fluid pressure =ffpV acting upwards 
through M the metacentre ; the latter =ffpAz, and may be con- 
sidered to act through C the centre of gravity of the plane of 
floatation. 

The moment, in the direction tending to diminish 0^ 
= ^pF. (?Jlfsin^ — ^rp^^ (Jcos^ — csin^) 
=gp {i?A - aV) 0-gpAz {h-cff) 
= gp {J^A — aV) 0—gpAhzy 
neglecting the product of z and ; 

... MK^^^-gp{i?A''aV)0 + gpAbz. 

From the equations (I) and (II) we obtain 

d'z ,ffAf.^b*\ ffh iTiA \ ^ - 






-'-m'^h^-r -->-'' 



which may be written 

d'^z 



-.^■Vraz^ hn0 = 0, 
d^0 pz , a c\ 
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To integrate these equations, multiply the second by X, and 
add it to the first, then, 

Xn^bn \ /TTT\ 

«^^^S ^ij31^=J • (™^' 

we have ^(i5 + >iO + (^-^) (« + >^ = ^» 

and if W be the roots of (III) 



z + \0= 0^cob\a/ m-xJ^t + oAy 

z + \0= C^iMsiA/ m-T^^t + aSj 

from which z and are completely determined. 

The depth of O is given by an expression of the form 
G'\-Aco&{fit + a) + BcoB (jjL't + /3)j 

and its motion consists of two distinct oscillations, each following 
the pendulum laws, and compounded together in accordance with 
the principle of the coexistence of small oscillations*. 

It may be observed that if two points be taken in the line 
AB, whose distances from G in the direction CD are \, \, then 
at the time t, the vertical depths of these points are z + \0 and 
z + \0y that is, are 

G^coB\\/m + \^t + aAy and (7aCos Ja/w +\-|« + a,k 

and their vertical motions are therefore simple oscillations fol- 
lowing the pendulum law. This remark is quoted by Duhamel 
{Gours de MScaniqiie, Art. 152) as due to M. Cauchy. 



* PoissoD^s Cours de M^caniqiie^ Art. 618. 
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1. A cylindrical block of wood is placed with its axis 
vertical in a cylindrical vessel whose base is plane, and water is 
then poured in to twice the height of the cylinder; find the 
pressure of the wood on the base of the vessel. 

If the wood be displaced, and float, find the new pressure on 
that portion of the base with which it was previously in contact. 

2. A cylinder floats between two fluids with its axis vertical, 
its height being equal to the depth of the upper fluid ; compare 
the pressures on Ae two ends of the cylinder, the densities of the 
fluids and of the cylinder being given. 

Is the equilibrium of the cylinder stable or unstable for a 
vertical displacement? 

3. A cone, placed with its axis vertical and vertex down- 
wards in a fluid, rests with half its axis immersed, and, when 
placed in another fluid, it rests with three-fourths immersed : in 
what proportion must these fluids be mixed, that it may rest in 
the mixture with two-thirds of the axis immeraed? 

4. A square board is placed in liquid of four times its 
density ; shew that there are three different positions in which 
it will float with one given comer only below the surface of the 
fluid. 

5. A porous body is weighed in air, and then attached to 
a sinker, and weighed in water ; the weights in the two cases 
being 10 and 13grs. respectively. It is then taken out of the 
water and weighed again, and in consequence of the water it has 
absorbed, its weight is increased to 12 gr. The weight of the 
sinker in water is 15 gr. : find the specific gravity of the solid 
part of the body ; and the ratio that the cavities in the body 
bear to the whole volume. 

6. A body is floating in a fluid ; a hollow vessel is inverted 
over it and depressed: what effect will be produced in the 
position of the body, (1) with reference to the siurface of the fluid 
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within the vessel, (2) with reference to the surface of the fluid 
outside ? 

7. The base of a vessel containing water is a horizontal 
plane, and a sphere of less density than water is kept totally 
immersed by a string fastened to the middle point of a circular 
disc, which lies in contact with the base. Find the greatest 
sphere of given density, and also the sphere of given size and 
least density, which will not raise the disc. 

Examine also, in each case, the effect of increasing the den- 
sity of the fluid, or of diminishing its depth. 

8. A hollow hemispherical shell has a heavy particle fixed 
to its rim, and floats in a fluid with the particle just above the 
surface, and with the plane of the rim inclined at an angle of 
45® to the surface ; shew that the weight of the hemisphere : the 
weight of the fluid which it would contain 

:: 4V2--5 : 6\/2. 

9. An elastic string has its upper extremity fixed, and the 
lower attached to the centre of the top of a heavy cylinder which 
rests partly immersed in water with its axis vertical ; find the 
position of equilibrium. 

10. A light body is imprisoned under water by a fixed plane 
surface ; shew what will be the conditions of rest ; and find the 
whole pressure on the plane, the dimensions of which are given. 

11. From a cone of wood, of height h and specific gravity 
(T, a smaller cone of height K is cut off, and this smaller cone is 
replaced by an equal and similar cone of metal of specific gravity 
a' ; shew that the cone thus formed will just float in a fluid of 
specific gravity «, if 

}? : h'^ :: a' — « : « — cr. 

12. Two equal slender rods AB, AG, moveable about a 
hinge at -4, and connected by a string BG, rest with the angle A 
immersed in a given fluid ; find the tension of the string. 

13. A solid formed of two co-axial right cones, of the same 
vertical angle, connected at the vertices, is placed with one end 
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in contact with the horizontal base of a yessel : water is then 
poured into the vessel ; shew that if the altitude of the upper 
cone be treble that of the lower, and the common density of the 
spindle four-sevenths that of the water, it will be upon the point 
of rising when the water reaches to the level of its upper end. 

14. If to any floating body a second, weighing W in the 
fluid, be attached by a string, the position of the former when at 
rest will be the same as if it were free, and its weight were 
increased by TF, and its centre of gravity moved towards the 
point where the string leaves the body by a distance depending 
upon W. 

Find the positions of rest of an uniform plank of given dimen- 
sions, floating in water, and having a given weight attached by 
a string to the centre of one end. ' Shew whether they be 
positions of stable or unstable equilibrium.' 

15. A right circular cylinder floats in fluid with its axis in 
the surface, and is displaced through a small angle in the vertical 
plane passing through its axis ; find the ratio between the length 
and radius of the cylinder when the equilibrium is neutral, 

16. A cone, whose vertical angle is 60°, floats in water with 
its axis vertical ; shew that its metacentre lies in the plane of 
floatation ; and that its equilibrium will be stable provided its 

specific gravity > ^ • 

17. An isosceles wedge floats with its base horizontal, and 
its edge immersed; shew that the equilibrium is stable for dis- 
placements in a plane perpendicular to the edge, if the ratio of 
the density of the wedge to that of the fluid is greater than the 
ratio (cos a)* : 1, 2a being the angle of the wedge. 

18. An elliptical cylinder whose height is 5 inches, and the 
semi-axes of whose base are 4 inches and 3 inches, floats with its 
axis vertical in a fluid of double its specific gravity ; in what 
directions is the equilibrium unstable? 

19. A closed cylindrical vessel, quarter-filled with ice, is 
placed floating in water with its axis vertical; the weight of 
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the vessel is one-fourth of the weight of the water which it can 
contain ; examine the nature of the equilibrium before and after 
the ice melts, neglecting the change of volume consequent on 
the change of temperature. 

20. A sphere of given radius floats in equilibrium in a 
quantity of water contained in a cylindrical vessel, revolving 
uniformly about its axis which is vertical; the velocity of rota- 
tion is such that the centrifugal force at a distance from the axis 
equal to the radius of the sphere is equivalent to the force of 
gravity ; prove that the whole pressure upon the sphere varies as 
the cube of the surface immersed. 

21. A solid cone is divided into two parts by a plane through 
its axis, and the parts are connected by a hinge at the vertex ; 
the system being placed in a fluid with its axis vertical and ver- 
tex downwards, shew that, if it float without separation of the 
parts, the length of the axis immersed is greater than h m^ a, 
h being the height of the cone, and 2a its vertical angle. 

22. A hollow hemisphere moveable about a horizontal 
diameter is partly filled with fluid ; shew that the time of a small 
oscillation is the same as if there were no fluid in it. 

23. A solid, the lower portion of whose surface is spherical, 
floats in a heavy fluid ; shew that the time of a small angular 
oscillation is the same in whatever fluid it floats. 

24. A cone, the vertex of which is fixed at the bottom of a 
vessel containing fluid, is in equilibrium with its slant side 
vertical, and the lowest point of its base just touching the sur- 
face of the fluid. Compare the density of the cone with that of 
the fluid. 

25. An ellipsoid floats in a fluid of twice its own specific 
gravity ; find the times of small vertical and angular oscilla- 
tions. 

26. An uniform hemispherical shell, containing fluid, is 
placed on the vertex of a rough sphere of twice its diameter ; 
shew that the equilibrium will be stable or unstable, as the 
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weight of the shell is greater or less than twice the weight of 
the fluid. 

27. If a regular homogeneous tetrahedron, completely im- 
mersed, be placed in any position in a fluid whose density varies 
as the depth, shew that, when the resistance of the fluid is neg- 
lected, the tetrahedron will make vertical oscillations in the 

time 27r a /(-) > A being the depth of the centre of gravity of the 

tetrahedron in the position of equilibrium. 

28. A solid of revolution floats in a fluid with its vertex 
downwards ; determine its form when the position of the meta- 
centre is independent of the density of the fluid. 

29. A paraboloid of revolution floats with its axis vertical 
and vertex downwards in a fluid whose density varies as the 
depth; the equilibrium will be stable or unstable, according 
as 4c is less or greater than 3 (m + a), where c is the length of 
the axis, a the length immersed, and m the latus rectum of the 
generating parabola. 

30. An oblate spheroid is completely immersed in two 
fluids, the specific gravity of the lower being twice that of the 
upper fluid, and floats with its axis vertical, and its centre in the 
common surface of the fluids. 

Supposing a small displacement to take place, 1st, in a ver- 
tical direction, 2ndly, about a horizontal line through its centre 
of gravity, shew that the times of the small oscillations will be 
respectively 

./f2b\ , //8 Sa' + b\ 

where a and b are the semi-axes of the generating ellipse. 

31. A cylinder floats in a fluid contained in another cylin- 
der ; find how far the floating cylinder must be thrust down in 
order that on its return it may just rise out of the fluid. 

32. Find a solid of revolution such that, when a segment of 
it is immersed in fluid, the distance between the centre of gravity 

B. H. 10 
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of the displaced fluid and the metacentre may be constant, what- 
ever be the height of the segment. 

33. A right cone rests in a vessel containing equal depths 
of two given fluids, with its vertex fastened to the bottom and its 
axis vertical. Find the condition for stable equilibrium, and, 
supposing it satisfied, find the time of a small oscillation. 

34. A cylinder whose axis is vertical is floating in a fluid 
in which the density at any point varies as the n^ power of the 
depth ; the cylinder is depressed till its upper end just coincides 
with the surface of the fluid, and on being let go it rises just out 
of the fluid; shew that, when the cylinder was floating, the depth 

immersed was to the height of the cylinder as 1 to (w + 2)*'^. 

35. If a cylindrical shell without weight contain fluid and 
float in another fluid, shew that the equilibrium will be stable, 
unless the ratio of the density of the internal to the external fluid 
is less than unity, and greater than half the duplicate ratio of the 
radius of the cylinder to the depth of the internal fluid. 

36. A cylindrical vessel is moveable about a horizontal axis 
passing through its centre of gravity, and is placed so as to have 
its axis vertical ; if water be poured in, shew that the equilibrium 
is at first imstable; an4 find the condition which must be 
satisfied, in order that it may be possible to make the equili- 
brium stable by pouring in enough water. 

37. A thin conical vessel of given weight is moveable about 
a diameter of its base which is horizontal, and is partly filled 
with a heavy fluid, shew that the equilibrium is always stable if 
the semi-vertical angle of the cone is < 30® ; and if it is greater 
than this, determine when the equilibrium is stable or unstable. 

38. A cube half filled with fluid rests with the centre of its 
base upon the highest point of a rough sphere : determine the 
radius of the sphere so that the equilibrium may be stable. 

39. A cone, whose height is A, oscillates with its axis verti- 
cal and vertex downwards in a fluid of uniform density. In the 
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highest position of the cone the vertex is in the surface, and in 
the lowest the cone is just immersed : shew that it would rest in 

a position of equilibrium with a length ^ of its axis immersed. 

40. A cube (the length of whose edge is 2a) is floating in a 
fluid with its centre of grayity at a depth c below the surface ; if 
it receive a small displacement so that two of its faces remain 
vertical, shew that the times of its small vertical and angular 
oscillations are 
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\/(t^) *^* ^'^'s/ lf {&-% ]' respectively. 



41. A closed cylinder is placed over a reservoir of water, 
and is filled with air under the atmospheric pressure, and the dis- 
tance through which the cylinder sinks is observed: a quan- 
tity of gas, which under the atmospheric pressure would occupy 
three times the content of the cylinder, is introduced; deter- 
mine the position of equilibriiun and the motion of the cylinder. 

42. A lamina of uniform thickness, in the form of an isos- 
celes right-angled triangle, has one of the acute angles fixed 
below the surface of a fluid, and rests with the side which is not 
immersed horizontal. Prove that the time of a small oscillation 

in its own plane is 2w a/(")» w^^re a is the length of each of the 

sides of the triangle. 

43. Water is contained in a vessel having a horizontal base, 
and a paraboloid whose specific gravity is four-ninths that of 
water, and the length of whose axis is to the latus rectum as nine 
to eight, is supported partly by the fluid and partly by the base 
on which the vertex rests ; find the least depth of the fluid for 
which the equilibrium is stable. 
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67. If a glass tube, about three feet in length, having one 
end closed, he filled with mercury, and then inverted in a vessel 
of mercury so as to immerse its open end, it will be found that 
the mercury will descend in the tube, and rest with its upper 
surface at a height of about 29 inches above the surface of the 
mercury in the vessel : this experiment, first made by Torricelli, 
has suggested the use of the Barometer , for the purpose of mea- 
3uring the atmospheric pressure. 

The Barometer, in its simplest form, is a bent tube ABC^ 
the branches of which AB, BG, are parallel ^ 

and vertical, containing mercury: the end A 
is hermetically sealed, and there is no air in 
the branch AB. 

It is found that the height of the surface P 
of the mercury above the surface C is about 
29 inches, and, as there is no pressure on the 
surface P, it is clear that the pressure of the 
air on C is the force which sustains the column 
of mercury PQ. 

We have shewn that the pressure of a fluid at rest is the 
same at all points of the same horizontal plane : hence the pres* 
sure at C is equal to the pressure of the mercury at Q. 

Let a be the density of mercury, and 11 the atmospheric 
pressure at (7, then 

U^gaPQ, 
and the height PQ measures the atmospheric pressure. 

68. On account of its great density, mercury is the most 
convenient fluid which can be employed in the construction of 
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barometers, but the pressure of the air can be measured by using 
any kind of liquid. The density of mercury is about 13*568 
times that of water, and therefore the height of the column of 
water in a water-barometer would be about 33f feet. 

69. The density of mercury changes with the temperature, 
and a must therefore be expressed as a function of the tempe- 
rature. 

Experiment shews that, for an increase of 1® centigrade, the 

expansion of mercury is — tt th of its volume ; hence if <r, be 
the density at a temperature ^, and a^ at a temperature 0'^, 



^0 



= ""' (^ + 5^) = ^' (1 + -000180180 ; 



••• ^t = o-Q (1 - ^^) if ^ = •00018018, 
and n =^0-^ (1 - 0t) PQ. 

70. By means of the formula, 11 =g<y^ (1 — 0t) A, the atmo- 
spheric pressure at any place can be calculated, making due 
allowance for the change in the value of g consequent on a 
change of latitude. It is found that this pressure is variable at 
the same place, with or without changes of temperature, and 
that in ascending mountains, or in any way rising above the 
level of the place, the pressure diminishes. This is in accord- 
ance with the theory of the equilibrium of fluids, for, in ascend- 
ing, the height of the column of air above the barometer is 
diminished, and the pressure of the air upon (7, which is equal 
to the weight of the superincumbent column of air, is therefore 
diminished, and the mercury must descend in the tube. 

K then a relation be found between the height of the mer- 
cury and the height through which an ascent has been made, 
it is clear that by observations, at the same time, of the baro- 
metric columns at two stations, we shall be able to determine 
the difference of their altitudes. 

We shall investigate a formtda for this purpose; but it is 
first necessary to state the laws which regulate the pressures of 
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the air and gases at different temperatures, and also the laws of 
the mixture of gases. 

71. We have before stated the relation 

p = A:/3 (1 + a^) 

between the. pressure, density, and temperature of an elastic 
fluid : it is deduced from the two following results of experi- 
ment: 

(1) If the temperature he constant the pressure, of air varies 
inversely as its volume, {MarrioUe^s and Boyle^s Law.) 

(2) If the pressure remain constant^ an increase of iemperor 
ture of 1® G, produces in a mass of air an eapansion '003665 of 
its volume. 

Hence, if ^ be the pressure, and p^ the density of air, at a 
temperature zero, 

p^kp,. 

Suppose now the temperature increased to t, the pressure 
remaining the same : the conception of this may be assisted by 
considering the air to be contained in a cylinder in which a 
moveable piston fits closely, and has applied to it a constant 
force, so that an increase of the elastic force of the air would 
have the effect of pushing out the piston, until the equilibrium 
is restored by the diminution of density, and consequent dimi- 
nution of pressure : we shall then have from the 2nd law, 

Po = P(l+aO> 
taking p as the new density and a = '003665 ; 

.'. p=^kp{l + at). 

If p, p be the pressure and density of the same fluid at a 
temperature t\ 

p' = Jcp'{l + at'), 

and p^£_l±cU 

^^ p' p'l + at" 

The quantity a is the same for gases of all kinds, but k has 
different values for different gases, which must of course be de- 
termined experimentally in every case. 
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The pressure of a mixture of different elastic fluids. 

72. Consider two different gases, contained in vessels of 
which the volumes are V and F', and let their pressures and 
temperatures, p and ^, be the same. 

Let a communication be established between the two vessels, 
or transfer both the gases to a closed vessel, the volume of which 
is F+ F' : it is found that, unless a chemical action take place, 
the two gases do not remain separate, but permeate each other 
until they are completely mixed, and that, when equilibrium is 
attained, the pressure and temperature are the same as before. 
From this important experimental fact we can deduce the fol- 
lowing proposition. 

If two gases having the same temperature he mixed together in 
a vessel^ the volume of which is V, and if the pressures of the two 
gases y alone filing the volume V, be p and p', the pressure of the 
mixture unll Je p + p'. 

Suppose the two gases separated ; let the gas, of which the 
pressure is p^ have its volume changed, without any alteration 
of temperature, until its pressure becomes p ; its volume will be, 

by Marriotte's law, ^, F. 
w p 

Let the two gases be now mixed in a vessel, of which the 
solid content is 

F + £f, or^^F; 
p p 

the pressure of the mixture will be stilly', and the temperature 
will be unaltered. If the mixture be then compressed into a 
volume F, its pressure will become, by the application again of 
Marriotte's law, p +p. 

This result is obviously true for a mixture of any nitober of 
gases. 

73. TvH) volumes V, V, of different gases at pressures p, p', 
respectively, are mixed together , so thai the volume of the mixture is 
U, to find the pressure of the mixture. 



i 
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The pressures of the two gases, reduced to the volume U^ 
are respectively, 

V V , 

and therefore, by the preceding article, the pressure of the 
mixture is 

V V' . 

and if tj be this pressure, we have 

vtU=pV+p'V'. 

74. The laws and results of the preceding articles are equally 
true oi vapours, the only difference between the mechanical quali- 
ties of vapours and gases, irrespective of their chemical cha- 
racteristics, being that the former are easily condensed into liquids 
by lowering the temperature, while the latter can only be con- 
densed by the application either of great pressure or extreme 
cold, or of a combination of both*. 

75. If water be introduced into a space containing dry air, 
vapour is immediately formed, and it is found that the pressure 
and density of the vapour are dependent only on the temperature, 
and are quite independent of the density of the air, and indeed 
are exactly the same if the air be removed. K the temperature 
be increased or the space enlarged, an additional quantity of 
vapour will be formed, but if the temperature be lowered or the 
space diminished, some portion of the vapour will be condensed. 

While a sufficient quantity of water remains, as a source from 
which vapour is supplied, the apa/x will be always saturated with 
vapour, that is, there will be as much vapour as the temperature 
admits of; but if the temperature be so raised that all the water 
is turned into vapour, then for that, and all higher temperatures, 



* Professor Faraday baa succeeded in condensing a number of different gases ; for 
instance, carbonic acid, bjdrochloric acid, and otbers requiring a considerable pressure 
for tbe purpose, bare been reduced to a liquid form. Ozjgen, bjdrogen, and nitrogen 
hare not yet yielded, but tbere seems no reason to suppose, if a sufficient pressure can be 
applied, and a sufficient degree of cold obtained, that these gases will not follow the 
same law as those which baye been liquefied. Such experimental results point to the 
general conclusion that all gases are merely the Tapours of liquids of different kinds. 
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the pressure of the vapour will follow the same law as the pressure 
of the air. 

In any case, whether the space be saturated or not, if j? be 
the pressure of the air, and tj of the vapour, the pressure of the 
mixture iB p + vr. 

76. The atmosphere always contains aqueous vapour, the 
quantity being greater or less at different times ; if any portion 
of the space occupied by the atmosphere be saturated with 
vapour, that is, if the density of the vapour be as great as it 
can be for the temperature, then any reduction of temperature 
will produce condensation of some portion of the vapour, but if 
the density of the vapour be not at its maximum for that tem- 
perature, no condensation will take place until the temperature 
is lowered below the point corresponding to the saturation of 
the space. 

Formation of Dew. If any surface, in contact with the atmo- 
sphere, be cooled down below the temperature corresponding to 
the saturation of the space near it, condensation of the aqueous 
vapour will ensue, and the condensed vapour will be deposited 
in the form of dew upon the surface. The formation of dew on 
the ground depends therefore on the cooling of its surface, and 
this is in general greater and more quickly effected, when the 
sky is free from clouds, and when, consequently, the loss of heat 
by radiation is greater than under other circumstances. 

77. Illustrations of the foregoing laws may be obtained by 
observing the moisture formed on the surface of a glass con- 
taining iced liquid, the long trail of steam left behind by a 
locomotive in rainy weather, the clouds which are formed round 
mountain peaks, and other natural phsenomena of a similar kind. 

Whole mass of the EartKa Atmosphere. 

78. Some idea may be formed of the mass of air and vapour 
surrounding the earth by means of the barometer. Supposing 
the earth to be a sphere of radius r, and that the height of the 
barometric column. A, is the same at all points of its surface, th^ 

B. H. 11 
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mass of the atmosphere is approximately equivalent to the mass 
iTTcr'A of mercury. 

Let p he the mean density of the earth ; 
•*. the mass of the atmosphere : the mass of the earth 

= 47r(rr'A : p - Trr' 

o 

= 3o'A : pr. 

But, taking water as the standard substance, <r = 13*57, and 
p has been found to be about 5"5 ; and, if we take 29*9 inches as 
an approximate value of h, it will be found that the ratio of the 
masses is somewhat less than the ratio of one to a million*. 

The height of the homogeneoiis atmosphere. 

79. K the whole column of air had the same density 
throughout as at the surface, its height being Z, and A the height 
of the mercury, we should have 

ah = p?, 

where p is the density of the air. It has been found that the 
ratio <r : p is about 10462 : 1, and therefore, employing as be- 
fore 29 '9 as a value of A, it will be found that Hs a little less 
than 5 miles. 

Necessary limit to the height of the atmosphere, 

80. It is clear that, since at a distance from the earth's surface 
its attraction diminishes, and the density and pressure of the air 
are therefore diminished, the above result is very far from the truth. 
A limit to the height can however be found from the considera- 
tion that, beyond a certain distance from the earth's centre, its 
attraction will be unable to retain the particles of air in the cu-cular 



* The observations on the motion of pendulums, made by the Astronomer Royal 
"Bt the Harton Colliery in 1854, have thrown doubt on the aeonracy of the yalue 5*5, 
which has been assumed, in Art. 78, as a measure of the mean density of the earth. 

The value deduced from the Harton Observatiotu is 6*566 with a probable error 
ik .0182. Phil Trans. 1856. 
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paths, 'which they must describe about the earth, in order to re* 
main in a state of jrelative equilibrium. 

At the equator the expression cdV, od being the earth's angu« 

lar velocity, is equal to rf^ , and therefore, at a height «,the force 

necessary to retain a particle m of air in its circular motion is 

equal to ^^ ; the earth's attraction at the same height 

and the extreme height is given by the equation 

(r + «)'■" 289 r 

or « = r{4/(289)-l}, 

that iSj zisA little greater than Sr, 

It is possible however that this height is considerably beyond 
the true height, for the temperature of the air has been found, by 
experiments made in balloons, to diminish with great rapidity 
during an ascent, and it is therefore quite possible, that, at a 
height less than 5r, the air may be liquefied by extreme cold, and 
its external surface would be, in that case, of the same kind as 
the surfaces of known inelastic fluids. 

81. The action of a siphon is an illustration of the effect of 
atmospheric pressure. The siphon consists of a bent tube ABO 



open at both ends ; if it be filled with water, and the ends closed, 
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and if the end G be then Immersed in water, and the siphon held 
so that the end A is below the surface of the water, it is clear 
that the pressure at A will be greater than the pressure at C> 
and therefore greater than the pressure at P, which is equal to the 
atmospheric pressure on the surface of the water. If the end -4 
be now unclosed, the water will flow out, and, in consequence of 
the diminution of pressure in the tube, the atmospheric pressure 
on the surface will force the water up the tube, and a continuous 
flow of water results, imtil the surface is lowered so that the 
height of B above the surface is greater than the height A of 
the water-barometer. 

If the height of JB be originally greater than A, the effect of 
unclosing the end G will be that the fluid in BP will sink till its 
surface is at a height h above the surface of the water in the 
vessel, while the fluid in PA will remain at rest as long as the 
end A is closed. 

In a similar manner the action of a pump depends upon the 
atmospheric pressure, and is 'equally limited; and illustrations 
of Marriotte's law may be found in the contraction of the 
air-space in a diving-bell^ consequent on its descent, and in the 
necessity for pumping into it air from above, in order to prevent 
the rise of the water within it. 

The determination of heights hy the barometer. 

82. Consider a vertical column of the atmosphere at rest under 
the action of gravity : at a height z let p be the pressure and p 
the density, and at a height z + Sz, let p + 8p be the pressure. 

I£ A he the area of the section of the column, the volume 
ASz of air may be considered as in equilibrium under the action 
of the pressures pA and {p + Sp) A^ and of its weight gpASz. 

Hence we have Sp = — gpSz ; 

and, if < be the temperature, p = i^p{l+ at) ; 



.', in the limit - . -^ == — ^-S. — 

p dz 1 + at^ 



p dz 1 + 
we shall suppose t constant, and therefore 



Alogi>=-Y^+cr, 
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and, if y be the pressure at a height z\ we obtain 

° ^ 1 + a* 

Let A, A', be the observed heights of the barometer at two 
stations, the heights of which are z and ^ ; then, taking a as the 
density of mercury at a temperature zero, and t, t , as the 
temperatures at the two stations, 

j?=5r<rA(l-^), andy = 5'(rA'(l-^T); 
... ,-^ = -(l + a^)log_L_^. 

^ may be taken as approximately equal to J (t+ t), and we thus 
have an equation from which the difference of the heights of the 
two stations can be calculated. 

83. K however the heights above the earth's surface be con- 
siderable, it is necessary to take account of the variation of 
gravity at different distances from the earth's centre. We pro- 
ceed then to an investigation of a more exact formula. 

Let g be the measure of gravity at the level of the sea, and 
r the radius of the earth, then, at a height 0, the attractive force 
is measured by 

and the equation of equilibrium is 

we have also j? = Icp (1 + a^), and it is here important to observe 
that^ is the-sum of the pressures due to the air itself, and to the 
aqueous vapour which is mixed with it, so that, if p' be the 
density of the aqueous vapour, p is the sum of two quantities in 
the form 

and therefore the quantity Tcp in the above equation is the sum 
of the two Ap, lifS^ corresponding respectively to the air and the 
aqueous vapour. 
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From the two equations above we obtain 



h 



dp ^ 1 gr^dz 



p l + aJt (r + «) 

and, as before, we shall consider t constant, and equal to the mean 
of the temperatures at the two stations. 

By integration 

Let A, A', be the observed heights of the mercury, and t, r\ 
the temperatures, as before ; then, since the force of gravity at 

a height z is measured by the quantity . ^ v, , we have 

p~\r+z'J l-dr h ^'''' 

and therefore, observing that ^ is a very small quantity, 

where fi = log^^ € = '4342945. 

From this formula, if z' be known, the value of z can be 
calculated. 

If the lower station be nearly at the level of the sea, «'=0, and 

' = ^ (l + ;) tl«S>o J + 2 log., (l + 3 - /.^ (T'-r)l ... (3). 

84. In the preceding investigation we have taken no account 
of the variation of gravity at different parts of the earth's surface ; 
but i£g' be the measure of gravity at a place of which the latitude 
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is \\ and ^ at a place of latitude \ it has "been found, (Foisson, 
Art. 628), that 

ff 1- -002588 cos 2X 
g'^l- -002588 cos 2 V ' 

the value of ^r obtained from this equation, in which ^' and X' are 
supposed to be known, must be employed in the above fonnula. 

If \' be the latitude of Paris, the value of the quantity 

A(l- -002588 cos 2V) (4), 

is nearly 18336 French metres or about 60158-56 English feet* 

and, representing this numerical quantity by c, the expression for 
z becomes 

c(l4-aO(l+-) ,r X 

1^.0025^^ 

The value of c may be obtained by direct calculation of the 
expression (4), and the calculated value is 18337-46 metres; it has 
been found however; by comparing the results of trigonometrical 
measurements with the results of the formula (5), that 18336 
metres is a more accurate value of the coefficient. 

In order to calculate z from the formula (5), an approximate 

Mm 

value must be first obtained by neglecting - in the right-hand 

member of the equation; if this approximate value be then 
employed in the same expression, a more accurate value will 
result, and the same process may, if necessary, be repeated. 

85. Other corrections are however necessary in order to 
render the determination of heights by the barometer very exact 
in practice ; the value of k for instance is modified by the fact 
that the density of aqueous vapour at a given temperature and 
pressure is less than the density of dry air under the same 



A French metre is 99*37079 incben. 
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circumstances, and the proportion of aqueous vapour to dry air 
may be, and in general will be, different at the two stations. 

Moreover, if the upper station be on the surface of the ground, 
the attraction of the portion of the earth which is above its mean 
level must be taken account of. The effect of this attraction is 

to increase the quantity . ^ ., by -^ , so that, at a height », the 

force of gravity is measured by 



or, approximately, 5^ -jl — -j-fj (Poisson, Micaniguey Art. 629) ; 
the equation for jp will be in this case 

and therefore, if the lower station be at the level of the sea, 



MH-«01ogf = <7-(l-|f) 



or 






g \ o r/ ^ p 
In place of the equation (2) we shall have 

p^V^ 4. r)l-0T h' 
and the final equation for z will be obtained by substituting in (5),- 

1 +- ^ for 1 + ^, observing that log ^1 +- ?-j 

is approximately equal to 2 log( 1 + 5 -J • 

When - is very small, it may be neglected in the formula (5). 

It has however been found in practice that the results are ren- 
dered more accurate, for such cases, by employing, as the value 
of c, 18393 metres. (Duhamel, p. 259.) 
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86. In the preceding articles we have supposed the tempe- 
rature of the air to be constant through the whole of the vertical 
space between the two stations ; if however the diflference be- 
tween the heights be very great, a considerable error may be 
thus introduced, and formulae have therefore been constructed 
in which account is taken, on various hypotheses, of the varia- 
tion of atmospheric temperature. A formula of this kind is 
given in Lindenau's Barometric Tables, constructed on the sup- 
position that the temperature diminishes in harmonic progression 
through a series of heights increasing in arithmetic progression. 

It must also be noticed that we have assumed the tempera- 
ture of the mercury in the barometer to be the same as that of 
the air surrounding it ; but in some cases, as for instance when 
observations are made in a balloon, the barometer may not 
remain long enough in the same place to acquire the tempera- 
ture of the air around it. The temperature of the mercury can, 
however, be observed by a thermometer the bulb of which is 
placed in the cistern of the barometer, and the temperatures so 
obtained must be employed in the equation (2) of Art. (83). • 

87. The two following problems are illustrative of the 
principles of this chapter. 

(1) A piston without weight fits into a vertical cylinder, 
closed at its base and filled with atmospheric air, and is initially 
at the top of the cylinder ; water being poured slowly on the 
top of the piston, find how much can be poured in before it will 
run over. 

Let a be the height of the cylinder, and z the deptli to 
which the piston will sink ; then in the position of equilibrium 
the pressure of the air in the cylinder is II+^'z^^, where 11 is 
the atmospheric pressure, and p the density of water : but this 
pressure : TL :: a : a — z, 

Ua „ 

,.-- = n+ffpz. 

Let A be the height of the water-barometer, 

.-. TL^ffph, 

ha= {a — z) {h + z), 

and « = or a — A. 

B. H. 12 
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Unless then the height of the cylinder is greater than A, no 
water can be poured in, for, even if the piston be forced down 
and water then poured on it, the pressure of the air beneath will 
raise the piston. 

The negative solution, when a < A, can however be explained 
as the solution of a different problem leading to the same alge- 
braic equation. Suppose the cylinder to be continued above 
the piston, and let it be required to raise the piston through a 
space « by a force which shall be equal to the weight of the 
cylindrical space z of water* 

This leads to the equation 

n — ff pz _ a 

n "oT^' 

or z^h — a. 

•(2) Bequired to determine the motion of a balloon on the 
supposition that the mass of air displaced by it in any position 
is homogeneous, and that the temperature throughout is con- 
stant. 

Let z be the height of the centre of gravity of the balloon, 
m its mass, V its volume, and p the density of the air at the 
height z ; then the equation which determines the motion is 

where Sf'—ff 



(r + zy 
But from the equations <^ == — ff'pdz and p = kp, we obtain 



^« He' *<*■+'>; 



and therefore 



cPz nVat^ -55^. r* 
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dz 
from which, putting f» = <rF, multiplying 1^7 2^, and inte- 
grating, 

\dtj r + z 

initially = (7 - 20 -f 2<rgr, 



•-(§)■- 



^ ^ r + z 



The greatest height of the balloon is given by putting 

dz 

-- = 
dt ^' 

and, if the mean density of the balloon differ very little from 
that of the air, - will be small, and an approximate value may 
be found. 



EXAMPLES. 

1. Two vessels contain air having the same pressure 11 but 
different temperatures t, t' ; the temperature of each being in- 
creased by the same quantity, find which has its pressure most 
increased. 

If the vessels be of the same size, and the air in one be 
forced into the other, find the pressure of the mixture at a tem- 
perature zero. 

2. The temperature of the air in an extensible spherical 
envelope is gradually raised <", and the envelope is allowed to 
expand till its radius is n times its original length ; compare the 
pressure of the air in the two cases. 

3. A cylindrical vessel, closed at both ends, and placed so 
that its axis is vertical, is half filled with mercury at a tempe- 
rature 0® (7, the remaining space being occupied by air at the 
same temperature. 

The expansion of mercury between the temperatures 0** and 
100* C being -018 of its original volume, and that of air 'SeeS of 
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its original volume for the same pressure, shew that if the tem- 
perature be raised to 20** C the pressure of the air will be in- 
creased in the ratio 1*07^2 : 1. 

4. If a given body lose in air, when the height of the baro- 
metric column is A, the ifn!^ part of its weight, find what part of 
its weight it will lose when the height of the barometric column 
is h'. 

5. The specific gravity of mercury compared with that of 
water at 68^ is 13-568 and at 212* is 13-704. If the expansion 

of mercury between these points be — th of its volume at the 

69 

lower temperature ; find that of water between the same points. 

6. A faulty barometer indicated 29*2 and 30 inches when 
the indications of a correct instrument were 29-4 and 30-3 inches 
respectively ; find the length of tube which the air in the tube 
would fill under the pressure of 30 inches. 

7. In an air-pump a leakage takes place during a stroke, 
by which a quantity of air is admitted, proportional to the dif- 
ference of the densities of the external and internal air at the 
beginning of the stroke ; find the diminution of density in the 
receiver in one stroke. 

8. If a thermometer, plunged incompletely in a liquid whose 
temperature is required, indicate a temperature ^, and r be that 
of the air, the column not immersed being m degrees, prove that 

the correction to be applied is ,_ .. . — , ---— beinff the 

^^ 6840 + T — «i 6840 ° 

expansion of mercury in glass for 1° of temperature, assuming 

that the temperature of the mercury in each part is that of the 

medium which surrounds it. 

9. A cylindrical diving bell sinks in water until a certain 
portion V remains occupied by air, and in this position a quan- 
tity of air, whose volume under the atmospheric pressure was 
2 F, is forced into it. Shew how far the bell must sink in order 
that thiB air may occupy the same space as in the first position. 
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Find also the condition that when the air is forced in at the first 
position no air may escape from beneath the bell. 

10. A vessel whose sides are vertical is divided into two 
equal parts by a vertical plane ; one part is closed and the other 
filled with incompressible fluid, and an opening is then made in 
the partition ; compare the heights at which the fluid will stand 
in the two parts of the vessel, and discuss the several cases which 
arise from the different positions of the opening. 

• 

11. A vessel, in the form of the surface generated by the 
revolution about its axis of an arc of a parabola terminated by 
the vertex, is immersed, mouth downwards, in a trough of mer- 
cury ; shew that the pressure of the air contained in the vessel 
varies inversely as the square of the distance of the vertex of 
the vessel from the surface of the mercury within it. Supposing 
the length of the axis of the vessel to be to the height of the 
barometer as 45 is to 64, find the depth of the surface of the 
mercury within the vessel, when the whole vessel is just im- 
mersed. 

12. Given the height of the mercury in a common baro- 
meter, and the depression produced by introducing into it a 
single drop of water which does not quite all evaporate ; find 
the depression produced by introducing just so much water as 
will not quite all evaporate into one in which a given length of 
the upper part of the tube is filled with dry air, and the mer- 
cury stands at a given height. 

13. The barometer stands at 29*88 inches, and the ther- 
mometer is at the Dew Point : a barometer and a cup of water 
are placed under a receiver, from which the air is removed, and 
the barometer then stands at "36 of an inch; find the space 
which would be occupied by a given volume of the atmosphere, 
if it were deprived of its vapour without changing its pressure 
or temperature. 

14. A barometer is held suspended in a vessel of water by 
a string attached to its upper end, so that a portion of the string 
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is immersed ; find the height of the mercuiy and the tension of 
the string. If more water be ponred into the vessel, how will 
the tension of the string be affected? 

15. A bottle, partly filled with water, is inverted and placed 
with its mouth just on the surface of a bowl of water, which is 
being gradually lowered by evaporation: the water from the 
bottle supplies this loss and keeps the surface at a constant 
height ; find the pressure of the air in the bottle at any time. 

16. If the density of the sea varied as the depth below the 
surface, shew that the tension of the rope supporting a diving 
bell would be a minimum, if the depth of the surface of the 

water in the bell below the surface of the sea were a /(~^) > 

where p is the density of mercury, h the height of the barometer, 
and fi the density of the sea at a depth unity. 

17. Assuming the earth to be a sphere revolving about a 
diameter with an angular velocity ©, shew that its atmosphere, 
supposed to be a homogeneous gas, can never be in equilibrium 
with respect to it. Also neglecting all change of temperature, 
shew that the polar equation to the curve in which a meridian 
plane cuts a surface of equal pressure is of the form 

6)V cos' ^ - 2r {ga -\-k)-\- 2ga^ = 0, 

where a is the radius of the earth, the latitude and k a con- 
stant. 

18. Investigate a formula for determining the difference of 
the altitudes of two stations, on the supposition that the decre- 
ment of temperature in ascending is proportional to the height 
through which the ascent is made. 



CHAPTER VI. 

THE TENSION OP FLEXIBLE SURFACES. 



88. The general problem of the equilibrium of flexible 
surfaces is considered by Lagrange, M^cantque Analyttque, 
Tom. I., and also, more fully, by Poisson, MSmoires de rinstitut, 
1812 ; it is proposed in this Chapter to discuss one class of the 
questions which arise out of the general case, those namely 
which have reference to the action of fluids upon flexible 
surfaces. 

The pressure of a fluid at rest being normal to any surface 
with which it is in contact, we have, in fact, to consider the 
equilibrium of flexible surfaces at rest under the action of normal 
pressures, and of the tensions at their bounding lines. 

For the sake of generality the term * flexible surface' is 
employed as the representative of substances, such as cloth 
and paper, which do not offer any sensible resistance to 
bending, and which, when bent or twisted, do not tend to return 
to their original form. Perfectly flexible surfaces, whether ex- 
tensible or inextensible, are therefore to be looked upon as 
inelastic. 

In the following articles we shall suppose that the action be- 
tween any two portions of a flexible surface is wholly tangentiaL 

Measure of Tension, 

89. Conceive a flexible and inelastic surface, extensible or 
inextensible, in a state of tension, and let QQ' be a small arc 
of the section through P made by a normal plane ; then \St.QQ' 
be the resultant action, perpendicular to QQ m the tangential 
plane, between the portions Of surface bounded by the line QQ'y 
t is the measure of the tension at P; in other words, t is the rate 
of tension at P, or the force which would be exerted on a section 
of the substance, the length of which is unity, in the same state 
of tension throughout as the surface at P. 
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It will be seen that we have assumed the resultant tension 
perpendicular to QQ'; this is not necessarily, or even generally, 
the case, but it will be found that the definition we have given 
of the measure of tension is sufficient for the discussion of the 
problems which present themselves. 

90. A vessel in the form of a circular cylinder^ the curved 
surface of which is flexible, contains fluid ; the axis of the cylinder 
being vertical, it is required to flnd the relation between the pressure 
and tension at any point. 

Let PQ' be a small portion of the surface contained between 
two planes perpendicular to the axis and two generating lines 
of the cylinder. 




Since the pressure is the same at all points in the same 
horizontal plane, it is clear, from considerations of symmetry, 
that the tension at all points of the surface in the same horizontal 
plane will be the same ; let ^ be the horizontal tension andp the 
pressure, at any point of PQ, and suppose the element PQ' of the 
surface to be made rigid; then its equilibrium will be maintained 
by the normal pressure of the fluid, pPP . PQ, the tangential 
forces tPP and tQQ, and by the vertical tensions on PQ and 
PQ, if there be any tension in the vertical direction. 

Hence, resolving the forces in the direction of the normal OE, 
and employing r for the radius of the cylinder, 



pPPPQ = 2tPF sin (i P0Q\ , 



= 2tPP i — ultimately, 
or t=pr. 

91. If fluid at rest under the action of given forces be con- 
tained in a cylindrical surface of any form, the tension at any 



THE TENSION OF FLEXIBLE SURFACES. 97 

point of a section perpendicular to the cuds of the cylinder is the 
same. 

Let PQ\ figure, Art. (90), be an element of the surface, 
the centre of curvature at E, t the tension at P, ^ + St at Q, and 
S<l> the angle between the tangents at P and Q. 

The fluid pressure on PQ' may be supposed to act along OE*, 
and therefore, resolving the forces parallel to the tangent at P, 

{t + St) cos S<l> - 1 =j)PQ sin -^ , 

=prS<l> sin -^ , 

if r be the radius of curvature 0E\ 

from this equation we obtain 

8^ 1 

5jl = 9 (i^ + ^) S^ + terms involving (80)' 

and therefore in the limit, 

dt ^ 

and, since the difierence of the tensions at any two points of the 

/dt 
^ J0, between the limiting values 

of which define the points, it follows that this difference 
vanishes, and the tension in the direction perpendicular to the 
generating lines is therefore constant. 

By resolving the forces in the direction OE^ we shall obtain, 
as in the previous article, the relation 

t^pr, 

between the tension perpendicular to the generating line, the 
pressure, and the curvature, at any point of the surface. 

92. Ex. A rectangular piece of a flexible and inextensible 
substance has its sides AB^ CD fastened to the sides of a box, 
and its other sides fit the box closely, so that liquid is contained 
in it without escaping; required to determine the form of the 
curve BO. 

* Morfe exactly, the direction of the fluid pressure lies between OP and OQ, and 
the resolved part of this force between zero and pPQ, sin d^ : the result in either case 
is the same. 

B. H.. 13 
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The surface formed is ey^dently cylindrical, and the tension at 
any point perpendicular to the direction of generating lines, and 
constant throughout. 




We have then t = c, and therefore c =pr, if r be the radius 
of curvature ; but if a? be the depth below the plane ABCD^ 

and therefore c = gpxr. 

Take the middle point of jBC as origin, 




then, for the arc BE^ r = 



hjsr 






since -T- decreases algebraically as x increases ; 



dx 






h(^ 



rrx^^^i 



integrating 



7F©1 






If OJE= a, -f- is infinite when x—a, and we obtain 



dx 



7\ 
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^m 



or ^y-1 9P{J>'-\-^ 

^^' dx'^^ ^t{^-fp' {b' + of)'} ' 

which is the differential equation to the curve, the sign being — 
or + according as x, y, are co-ordinates of P or JP, and the con- 
stants being determined by the conditions that BC and the arc 
BEC are of given lengths. 

Since r = - , it is clear that the curvature at each of the 
points B and C is zero. 

Jj&tPT0 = 4>, thensin<^ = |^(J» + aO>a^d,if AB = Z, 

2U COS if> = the weight of the fluid above PJEP 
= 2gplxy + f 2gpyldx, 

an expression for the area PEP. 

Hence making a; = 0, and y = OBy the area GEB 



=^\/(^«-**)' 



and the whole volimie of fluid is 

K the curve be vertical at 5 and <7, ^ = when a; = 0, and 
therefore i = 0, or 

a*-0: 

99 

.•••«v©- 

and the equation to the curve becomes 

dy _ a? 

* 



e 
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Let 2e be the length of the arc BEC, then 

an equation by which a, and therefore also c, Is defined. The 
curve thus obtained is called. the Lintearia; the Investlgatioii of 
its equation was first effected by James Bernoulli*. 

93. A jkodble surface of any form is exposed to the action 
of fluid; required to fmd the relation between the pressure, ten" 
sum, and curvature, at any point. 

I^t Qy Qy 1^ points contiguous to P, on the lines of curva- 
ture PQ, PQ, through P; draw normal planes through Q and 
Q\ perpendicular to tiie lines, PQ, PQ, cutting the surface in the 
arcs AB, AD, and let BG, CD, be the arcs of section made by 
normal planes through contiguous points in QP, QP, produced. 
An element of the surface ABCD is thus formed, and the ten- 
sions of the sides AB, BG, CD, DA, will be supposed to act at 
the points on the lines of curvature Arough which the normals 
are drawn, and in directions of those lines. Let /, ^ be the ten- 
sions at P in the directions PQ, PQ, respectively. 

The element BD is kept at rest by the tangential force tAB, 
tCD, t'AD, t'BC, and the normal hrc^p.AB.BG. 




Let r, r, be the ritdii of curvature at P of the curves PQ, 
PQ", then, resolving along the normal at P, we have ultimately 

p.AB.BG=2tAB^^-{^2t'BG^^, 

r r 

assuming that the tensions of AB, AD, are respectively perpen- 
dicular to those lines ; 

r r 



The history of this problem is given in VTikliork^sBydrostatiecdProhlemi^ p. 207. 



THE TENSION OF FLEXIBLE SURFACES. 101 

We haye taken the tensions of AB and CD to be ultimately 
the same ; this is evidently the case, for if tAB and {t + ht) CD 
be these tensions, their ratio ^txt + tt, which, if there be no 
discontinuity of curvature, is ultimately a ratio of equality*. 

If the nature of the surface be such that t' s ^ , the above 
equation is 



t r r 



or, if » ^/{Xf y) be the equation to the surface, 



?-l-©^(i)T 



""1 Uy/ )d^ dxdy da^dy^X "*" W i ^/ ' 
the equation obtained by Lagrange and Poisson. 

94. Lagrange, in the discussion of this problem, assumes 
that the tension at any point of a line on the surface, betwe^i 
the two portions separated by the line, is perpendicular to it, and 
also that the tension at any point is the same in every directionv 

Poisson obtains general equations of equilibrium, and thence 
reduces, as a particular case, the equation of Lagrange, 

The use of the several eqtiations is illustrated, in the MSmotre^ 
by an investigation of the catenary, and also by the determination 
of the equation which defines the small vibrations of a rect- 
angular surface unequally stretched in the directions of its length 
and breadth. 

If it be assumed that the tension at any point of a surface is 
always perpendicular to a line of division through that point, it 
can be shewn that the tension at any point is the same in every 
direction. 

Let a small triangular portion of the surface be supposed 
rigid; then the equilibrium in the tangent plane is enturely 
determined by the tensions of the sides of the triangle, for the 
tangential impressed forces, if there be any, will xdtimately 



* It does not follow that the tension along a line of onrratufe is constant; i-^&it 
is ultimately a ratio of equality; but i : t +fdt is not so neoessarily. 
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vanish in comparison with the tensions ; and since these tensions 
are perpendicular to the sides, they most be in the ratio of their 
lengths, and therefore the measures of tension in all directions 
are the same* 

95. If a flexible surface^ of such a nature that the tension of 
any section is perpendicular to the section, he at rest under the 
action of fluid pressure, the tension at all points will he the 
same. 

For any two points P, Q, on a surface may be conceived to 
be connected by two lines of curvature PjE, QE^ meeting in E^ 
and it may be shewn, by taking small rectangular elements, as 
in Art. (91), that the tensions at P and Q are respectively the 
same as at E, and consequently the tensions at P and Q are 
equal. 

In order to render this reasoning more complete, let ^, ^ + &, 
be the tensions at two points near each other on a line of cur- 
vature, and let h^ be the angle between the normals at the two 
points, then, as in Art. (91), it is eqxdvalent to an expression of 
the form A (S^)*, and therefore 2 [ht), which expresses the 
difference between the tensions at any two points, is of the form 

tA my, or S<l>fAd4>, or B8<f>, 

and therefore vanishes in the limit. The difference between 
the limiting values of ^ in the integral is the whole angle 
through which the normal line turns in passing from one point 
to the other, irrespective of the directions of the planes in which 
the successive pairs of consecutive normal lines may lie between 
those two points. 

In the case of such surfaces as these, in which t is constant, 
the equation 

rW^t' 

where J? is a known fimction of the position of the point on the 
jsur&ce, determines the form of the surface. 

Ex. An extensible surface, in form a circular lamina, has 
its circumference fixed, and is acted upon by the pressure of an 
elastic fluid ; required to find the form it assumes. 
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In this pase, taking the fluid pressnre to be constant, 
- 4- -7 IS constant = - suppose, 




and the surface may evidently be assumed to be one of revolution. 

Take a tangent line parallel to the plane of the lamina as 
the axis of y ; 



then, since p = 



_h(i)T. 






and 



^■-^"-^x/i"-®]- 



The equation to the curve AOB^ changing the variable to y, is 

dx dPx 

1 ^ ■ ^ 2 



or 



dx 



Wi 



^t 



i4.ii?l ' 



+ (7: 



iyl) 



dx 



but, at the origin, y and -y- vanish, /. (7=0, and the equation is 

dx ^y 
ds^ c^ 

the curve is therefore a circle, as might have been anticipated. 

96. As a matter of fact, all flexible surfaces, whether exten- 
sible or inextensible, are capable of sustaining tension between 
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two portions, in a direction not perpendicular to the separating 
line; and indeed the conception of such a surface as that contem- 
plated in the three preceding articles is of the same nature as the 
conception of a perfectly rigid body or of a perfect fluid ; it must 
therefore be considered in the discussion of problems on the 
equilibrium of flexible surfaces, that a disruption will not neces- 
Barily take place, when circumstances of the equilibrium require 
that in certain directions there should be tension in a direction 
not perpendicular to the line of section. 

If sections of a surface be taken along lines of curvature 
through a point, and if the tensions at points of these lines be 
perpendicular to them, but imequal, it can be easily shewn that 
for any other section through the point, the tension is not per- 
pendicular to the section. 

In illustration of this case the following problem will be 
considered. 

97. A conical perfectly flexible and elastic bag attached, 
mouth downwards, by the rim to a horizontal plane, and filled 
with liquid by a small hole at the apex, has, when at rest, the 
figure of a right circular cone ; find the equation to the figure it 
will assume when detached and the liquid let out, neglecting its 
weight. 

Let t be the tension at P in the direction perpendictilar to the 
generating line VF, t' the tension in the direction FP, and 2a the 
vertical angle of the cone. 




Then 



1> = 



-+^7 gives, iiVN 



= 05, 



^P^=5^ = 



PG X tan a sec a ' 
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or t =: ff pa? tsxi a see a. 

But 27rPNt' cos a = the resultant vertical pressure on VPQ 

= -(7/wra?'tan'a; 

1 

/. «' = -^/MB?^tanaseca. 

Let V'P' Q be the generating curve of the surface of revolu- 
tion into which the surface forms itself after the liquid has been 
let out, F'^= f, P'^= n^ F corresponding to 
the point P. 

If P^ = &, a small arc of the curve, 

&»seca = 85fl +^,j, 



and a; tan a 



-'(•4). 




taking the modulus of elasticity different in the two directions. 
Taking account of the values of t and i obtained above, x can 
be eliminated between these two equations, and the relation 
between | and n will result. 

From the first equation, putting ^^ — —-, = -5-, 



a' 



da 

■j- cos a = 

ax 



a 



?; 



.*. - COS a = tan"* - , measuring a from F', 
a a 



or 



X 



= atan (- cos a) . 



Substituting this expression for x in the second equation, we 
obtain 

atanatanf- cosaj = n]l +^^ — tan'f-cosajj-, 

as the differential equation to the curve*. 



If \ s X', the equation is 

a tan a=3t; icot f- cos a J +3 tan (- cosajj. 
B. H. 
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It will be seen, a priori^ that t' is not constant, for no rectan- 
gular element can be taken on the surface the tensions of the 
edges of which are perpendicular to the directions of the edges. 
If, for instance, we consider an element of the surface bounded 
by two generating lines near each other, and by two contiguous 
circular sections, the tensions will be perpendicular to the sides, 
but, the element not being a rectangle, we shall find, in resolving 
the forces along one generating line, thai the tension of the other 
will enter into the equation, and will not vanish in the limit, in 
comparison with the tensions of the circular sections. 

98. We have hitherto considered only laminss of nniform 
thickness, but, in order to include cases in which the lamina is of 
variable thickness, a more general measure of the tension can be 
given. 

Suppose a bar AB of any homogeneous material to (Oja 
support a weight WT, and let tc be the area of the section 
of the bar; then the tension at the section through P 
supports TFand the weight of the hen PB; and if riv is 
equal to the sum of these weights, r is the measure of the 
tension at P. 

It will be seen that t is one dimension lower than 
the t of Art. (89). 

In fact, if e be the thickness of a flexible lamina at 
any point, the tension at which, measured in the usual 
way, is t, we have 

tSs = TcSs, 
or t = eT. 

Ex. A hollow spherical shell of very small thickness e is 
formed of the same substance as the bar AB, and W is the 
greatest weight which AB can support, neglecting its own 
weight; it is required to find the greatest pressure of elastic 
fluid which the shell can sustain. 

Let r be the radius of the shell ; 

.'. 2t=pry or2e7=pr; 
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but Tf = T/IC, .'. p= , 

which is the the greatest possible piessore. 

99. The investigations of this chapter will not in general 
be applicable to surfaces which are inflexible, or of imperfect 
flexibiUly, but, if in any particular case the action between adja- 
cent portions of a 8ur£Eu» be wholly tangential, the relations 
obtained between the tension and the normal pressure will hold 
good. 

For instance, if a vertical circular cylinder formed of any 
inflexible substance be filled with fluid, the action at any point 
will be wholly tangential and of the nature of tension. 

EXAMPLES, 

1. Supposing the cylinders of a Bramah's Press made of the 
same material, and the thickness of the smaller just sufficient to 
prevent it from bursting, what must be, at least, the thickness of 
the larger? 

2. A cylindrical vessel is formed of metal a inches thick, 
and a bar of this metal of which the section is A square inches, 
will just bear a weight W without breaking. K the cylinder be 
placed with its axis vertical, find how much fluid can be poured 
into it without bursting it. 

3. A hollow cone, the vertex of which is downwards, is 
filled with fluid ; find where the horizontal tension is greatest. 

Also find where the tension in the direction of a generating 
line is greatest. 

4. The top of a rectangular box is closed by an uniform 
elastic band, fastened at two oppositie sides, and fitting closely to 
the other sides ; the air being gradually removed from the box, 
find the successive forms assumed by the elastic band, and when 
it just touches the bottom of the box, find the difference be- 
tween the external and internal atmospheric pressures. 

5. An elastic tube of circular bore is placed within a rigid 
tube of square bore which it exactly fits in its unstretched state. 
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the tubes being of indefinite length ; if there be no air between 
the tubes and air of anj pressure be forced into the elastic tube, 
shew that this pressure is proportional to the ratio of the part of 
the elastic tube that is in contact with the rigid tube to the part 
that is curved. 

6. A small uniform flexible tube is inextensible in length, 
but the perimeter of any transverse section of it foUows the 
ordinary law of extension of elastic strings ; if it be filled with 
fluid and held with its axis vertical, shew that for some dis* 
tance firom the highest point it will appreciably coincide with 
the surface generated by a rectangular hyperbola revolving about 
its asymptote. 

7, A flexible and elastic envelope without weight, filled 
with fluid, hangs by one point: find the differential equation 
to a vertical section of the surface through the point of support. 



CHAPTER Vn. 

THE EQUILIBRIUM OF REVOLVING FLUID, THE PARTICLES 
OF WHICH ARE MUTUALLY ATTRACTIVE. 



100. If a fluid mass, the particles of which attract each 
other according to a definite law, revolve uniformly about a fixed 
axis, it is conceivable that, for a certain form of the free surface, 
the fluid particles maj be in a state of relative equilibrium ; since 
however the resultant attraction of the mass upon anj particle 
depends in general upon its form, which is unknown, a complete 
solution of the problem cannot be obtained. 

For any arbltrarilj assigned law of attraction, the question 
is one of purely abstract interest, and it is only when the law 
is that of gravitation that it becomes of importance, from its 
relation to one of the problems of physical astronomy. 

We shall consider the fluid homogeneous, and confine our 
attention to two cases ; in the first of these the attractive forces 
are supposed to vary directly as the distance, and, in the second, 
to follow the Newtonian law. 

101. A homogeneous fluid mass, the particles of which aJttract 
each other toith a force varying directly as the distance, rotates 
uniformly about an axis through its centre of gravity ; required to 
determine the form of the free surface. 

The resultant attraction on any particle is in the direction of, 
and proportional to, the distance of the particle from the centre 
of gravity ; and if ft be a measure of the whole mass of fluid, 
yoR, fiy, fissj may represent the components of the attraction, 
parallel to the axes, on a particle of fluid about the point x, y, z. 

Taking the origin at the centre of gravity, and axis of ro- 
tation as the axis of 0, the equation of equilibrium is 

dp = p {(a)'a? — fix) dx + (©'y — fiy) dy — fizdz] ; 
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and therefore 

At the free surface^ is zero or constant, and the equation to 
the free surface is 



[l-fj{a? + f)+'^ = J), 



the constant D depending upon w, and upon the mass of the 
fluid. 

If CO* < fi, the free surface is a spheroid, which becomes more 
oblate as <o increases, and when w^ = fi, the free surface consists 
of two planes ; to render this possible we may conceive the fluid 
enclosed within a cylindrical surface, the axis of which coincides 
with the axis of rotation. 

When a>' > fi, the free surface is a hyperbolflid of two sheets, 
which for a certain value (fi>') of <» becomes a cone, the fluid 
filling the space between the cone and the cylinder. Taking 
accoimt of the volume of the fluid, the value of <»' can be deter- 
mined by putting D = 0, since the pressure in this case vanishes 
at the origin. 

If ft) > ft)', the surface is a hyperboloid of one sheet, which, 
as ft) increases, approximates to the form of a cylinder, and it is 
therefore necessary, for large values of ft), to conceive the con- 
taining cylinder closed at its ends. 

The results of this article, it may be observed, are equally 
true of heterogeneous fluid, whatever be the law of variation of 
density in the successive strata. 

102. A mass of homogeneous fluid, the particles of which 
attract each other according to the Newtonian law, rotates uniformly, 
in a state of relative equilibriwm, about an o/ods through its centre 
of gravity ; required to determine a possible form of the surface. 

For the reason previously mentioned a direct solution of this 
problem cannot be obtained, but it can be shewn that an oblate 
spheroid is a possible form of equilibrium. 
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Let the equation to the spheroid be 

c«"^c«(l+X«)~ ' 

the axis of rotation being the axis of z. 

Then the resultant attractions, towards the origin, on a 
particle at the point (a;, y, z) will be represented by 

-3r= -^^ {(1 + X*) tan"* X - X}, 
r=?^{(l+X»)tan-'X-X}, 

^= te {\ _ tan-* \} (1 + \*), 

parallel, respectively, to the axes*. 

We have then for the surfaces of equal pressure, putting e for 

47rp * 
{2€X' 4- X - (1 -f X*) tan"* X} (axfo +ydfy) 

+ 2 (tan"*X-X) (1 + X') zdz = 0. 

But, from the equation to the spheroid, 

QH^-^-ydy + (14- X*) zdz = 0, 
and, as these equations must be identical, 

2€X' + X-. (1 +X^ tan'^X = 2 (tan"*X-X) ; 

an equation the roots of which determine the possible values of X. 
It may be written 

3X + 2€X' 



8 + X» 



-tan-*X = 0, (a), 



* Theie ezpressioni will be fonnd in Laplace's Miccadqut Cileste, Poisson's Meea^ 
tdgue, Dnhamel*! Meeanique, and Todhunter^s Statics, In the last named, the equa- 

Hod to the ipheroid ia » , - -^ wjz — ^ = 1, bat the expressions used in the text will 

a' o V* ~ ^) 

reanlt from the expressions there given bj pntting 1 + «* a , .^ . 
Bj the use of X, irrational quantities are avoided. 
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and the question is reduced to the discussion of the roots of this 
equation. 

For this purpose consider the curve 

^ = TT^-*«'"^' ^- 

The abscissas of the points where this curve cuts the axis 
will be the values of X required. 

It must be observed that, in the equation (a), tan~^ X is the 
least positive angle whose tangent is X ; we have therefore only 
to consider one branch of the curve (fi). 

If the signs of x andy be changed, the equation is unaltered ; 
the curve is therefore the same in the compartment —x^ — y, as 
in +^, +y, and it is sufficient to examine the nature of the 
positive portion of the branch. 

When a; = 0, y = 0, and as x increases from zero, y begins 
by being positive, and when x increases indefinitelj, has always 
positive values ; hence the curve cuts the axis of a; in an even 
number of points, exclusive of the origin. 



A .„ dy _ 2a? {€a;*-f 2 (5e ~ 1) a^+ 9e} 
^^^' dx~ (l+a^(S+a?)' 



-^ is therefore zero at the origin (a point of inflection), and also 

at the points given by 

€a;* + 2(5€-l)aj^4-9€=0 (7). 

If the values of a?, obtained from this equation, be real, and 
positive, there will be a maximum and a minimum value of y ; 
the former, corresponding to the smallest root, will evidently be 
positive, since y begins by being positive ; if the latter, corre- 
sponding to the greatest root, be negative or zero, there will be 
two zero values of y or one only, and consequently two possible 
spheroidal forms of equilibrium, or one only. 

If the minimum value of y be positive, there will be no 
zero value of y ; that is, the equilibrium of the fluid in the form 
of a spheroid is impossible. 
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103. The preceding investigation may be iUnstrated bj 
tracing the curve (J3) for different values of e* 



TT . .., 1 



Putting tan"* a? = — — tan"* — , and expanding, we obtain 



TT 



as the asymptote of the branch of the curve under consideration, 
and the appended figures exemplify the different cases above 
mentioned. 




Numerical Calculation. 

104. To oalculafe the Umittng value of a> for which the 
spheroidal form is possible. 

The equation (7) may have positive roots if 5€ < 1 ; moreover 
the values of a? will be real, and positive, if 

{l-b€f>^e, or l-5€>3€; 



1. e. € < - . 



The superior limiting value of € can however be obtained 
very approximately from the condition that, in the extreme case 
of paisilnlity, the ininimnTti value of y is zera. 



We have then y = and ;^ = 0, simultaneously. 



dx 



B. H. 



16 
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Hence, substituting in (fi) the value of e obtained from (7), 
and putting y = 0, v^e have 

a?(7g*+30a^-f27) ., _ 

or .^Sl^±^^uji'^x=0 (S). 

An approximate value of the positive root of this equation 
will be a value .of a?, which, substituted in (7), will give approxi- 
mately the superior limit of the value of e. 

Since a>' = 4,irp€ this determines the greatest possible rate of 
rotation consistent with the existence of a spheroidal form. 

When CD is less than the limiting value thus obtained, there 
will be two spheroids, either of which will be a possible form of 
the rotating fluid. 

105. Ajoproximate determincUian of the positive root of the 
eqwxtion 

X {la? + 9) X -1 _rt 
{a?-Vl){a?'V^)^ «-U. 

Denoting the first member by /(a?), it will be found that 

this is positive from a; s= to a; = sf^^ and is afterwards negative ; 
/(a;) therefore increases until x = V3> and then diminishes ; 
and, 8ince/(0) = 0, /(a?) begins by being positive. 

By the use of the formulas 

tan-'2= j + tan-^i 

tan-'3 = ^ + tan-'i 

it will be found without much difficulty that the root lies be- 
tween 2 and 3, but the application of Newton's method with the 
value 2 as an approximate one shews that a closer limit will be 
convenient. 
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If then 2.5 be substituted we obtain, bj the aid of the fonnula 
tan-* (2.5) = tan"* (2) + tan"* -^ , 

/(2.5) = '0025 approximately. 
Let a; = 2.5H-y, 

then, approximately, y^-^rr^^x, 

but f (2.5) = - .085, nearly ; 

.'. y = .0293 and a? = 2.5293. 
The substitution of this value in (7) will give 

€=.1123, 

ft)* 
as the greatest possible of e or - — . 

Hence, when to is such that € < .1123, there are two spheroidal 
forms of equiUbrium. 

106. If € is very small, one of the values of x (1. e. X) will be 
very small and the other large, and therefore as e decreases, the 
one spheroid becomes vert/ oblate and approximates to a plane 
lamina, while the other approaches to the form of a sphere, this 
latter being the form of stable equilibrium. 

To find the small value of X which satisfies the equation 

3X+2€X" . .1^ ^ 
-3^^-^-tan*X = 0, 

expand in ascending powers of X, and we obtain 

X' = — - approximately. 
This gives a spheroid very slightly oblate, the ratio of its 

15€ 

axes being V(l +X^ : 1, or very nearly 1 + — : 1. 

The large value of X is obtained by putting 

« 

tan"*X = ^ — tan"* - , 

J/ X 
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and ex:panding in powers of - , a process which gives 

At 

TT 8 

X = ~* h terms involving positive powers of e, 

as an approximation. 

107. Application to the case of a fluid, the density of which is 
equal to the EartKs mean density. 

If r be the Earth'3 radius and p the mean density of the 
Earth, 

- TTfyr is the attraction at the surface of a sphere of fluid of 
3 

the same radius as the Earth, and of density p. 

Suppose for a moment that the Earth is homogeneous, and 
spherical, 

then - w/w measures the force of gravity at the pole. 



9 8 

ft) -. .^ /. ^ wr 



But, since 6 = •- — , and therefore 3c =5 



47rp' 4 

3^^ 

36 : 1 :: difference of the measures of gravity at the pole and 
the equator : gravity at the pole {g). 

Taking a second and a foot as the units of time and space, g=Z2 
approximately, r = 400O xl760 x 3, and it will be found that the 

time of rotation, — , given hy the limiting value .1123 of e, is 

a little more th^ — th of a day. 

This then is the smallest time in which a homogeneous fluid 
mass, of density equal to the Earth's mean density, could rotate 
uniformly so as to be spheroidal in form. 

Application to the flgure of the Earth. 

108. The Earth, as is known by geodetic measurements, 
differs very slightly in its form from a sphere, and we can there- 
fore apply our equations with great ease to the question of the 
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homogeneity of the Earth, assuming it to have taken its present 
fimn when in a state of fluidity, or to be now a mass of fluid 
contained within a comparatively thin crust 

It has been found by observation, that for the Earth the 
ratio oV : g is about 1 : 289, and we have therefore 

3e=l 



289' 

But from Art. (106), X''= ^ = -^ , 
and the ratio of the axes of the spheroid 

= 1 + — : 1 = 232 : 231, nearly. 

This result does not accord with the facts obtained by 
actual measurement, which give 301 : 300 as an approximate 
value of the ratio. 

The inference is that the Earth is not homogeneous. 

109. The foregoing articles are taken chiefly from Laplace, 
Mecanique CSleste^ Tome II. 

It must be observed that the general problem of the form of 
a rotating fluid is not solved ; all that is shewn being that, in 
certain cases, an oblate spheroid is a possible form of equi- 
librium. 

If a» be such that e > .1123, it does not follow that equi- 
librium is impossible, but only that the spheroidal form cannot 
exist for that particular angular velocity. 

Laplace has shewn that a prolate spheroid is not a possible 
{orm of equilibrium* : but it has been demonstrated by Jacobi 
that an ellipsoid with its three axes unequal is a possible 
form. On this latter point a discussion will be found in the 
first volume of the Cambridge Mathematical Journal, and also in 
a paper by Mr Ivory, in the Philosophical Transactions for 1838. 



* Mic Ciietie, Tom. ii. p. 69. The proof is also giTen in Fent^conlaot's 
SjftUme du Momde, Tom. ii. p. 401. 
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110. An important distinction has been pointed out by 
Poisson (Tome ii. p. 547), between the sar£Etces of equal pressure 
in a fluid at rest under the action of extraneous forces, and in a 
fluid at rest, or revolving uniformly about a fixed axis, under 
the action of the mutually attractive forces of its particles. 

Let ABC be the free surface, and DUFsLny surface of equal 
pressure; then, in the former case, the resultant force at any 
point oiDEFia perpendicular to the surface at that point, and is 
imaficcted by the existence of the fltiid between ABC and 
DEF\ this fluid could therefore be removed without afiecting 
the equilibrium of the fluid mass bounded by DEF. In the 
latter case, the force at any point of DEFj although perpen- 
dicular to the surface at that point, is the resultant of the 
attractions of the mass of fluid contained by DEF^ and of the 
mass contained between DEF and ABC; these two components 
of the resultant force are not necessarily perpendicular to the 
surface, and the fluid external to DEF cannot in general be 
removed without afi*ecting the equilibrium of the remainder. 

111. If, however, the fluid be homogeneous, and the par- 
ticles attract each other according to the Newtonian law, so that 
the free surface may be spheroidal, the surfaces of equal pres- 
sure will be similar spheroids ; and in this case, since the re- 
sultant attraction of an ellipsoidal shell on an internal particle 
is zero, the portion of fluid between ABC and DEF may be 
removed, provided the rate of rotation remain unaltered; 

Moreover we have shewn, Art. (103), that for a given value 
of 0) not exceeding a determined limit, there are two possible 
spheroidal forms : let ABCy the free surface, have one of these 
forms, and describe within the fluid mass a concentric spheroid, 
OHK, similar to the other spheroid; then the fluid between 
ABC and OHK may be removed without afiecting the fluid 
mass OHK, 

The action of the shell upon a particle at a point F of the 
surface OHK is not perpendicular to the surface at P, but this 
action, combined with the attraction of the mass OHK^ and the 
hypothetical force measured by coV, is perpendicular to the sur- 
face, at P, of the spheroid passing through P, which is concentric 
with, and similar to, the surface ABC 
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112. K a fluid mass be set in motion, about an axis through 
its centre of gravity, with an angular velocity such as to make 
the value of e greater than the limit obtained in Art. (105), it does 
not follow that the fluid cannot be in equilibrium in the form of 
a spheroid, for it may be conceived that the mass will expand 
laterally with reference to the axis, taking a more flattened shape, 
until its angular velocity is so far diminished as to render the 
spheroidal form possible. 

If the mass consist of perfect fluid, its form will oscillate 
through the spheroid o'f equilibrium, but if, as is the case in all 
known fluids, friction be called into play by the relative dis- 
placement of the particles, the oscillations will gradually diminish 
and at length a position of equilibrium will be attained. By 
D'Alembert's principle, the * Angular momentum' of the system, 
relative to the axis, will remain constant, and this property of 
the motion enables us to determine the flnal angular velocity, 
and the form ultimately assimied*. 

Considering the question generally, suppose the mass of fluid 
set in motion in any way, and then left to itself; the centre of 
gravity will be either at rest or moving uniformly in a straight 
line, and all we have to consider is the motion relative to the 
centre of gravity. 

Draw through the centre of gravity the plane, in the direction 
of which the angular momentum is a maximum ; then, however 
during the subsequent motion the fluid particles act on each 
other, this plane, which may be called the ^momental' plane, 
will remain fixed, and when the motion of the particles relative 
to each other has been destroyed by their mutual friction, the 
axis perpendicular to this plane will be the axis of rotation of 
the fluid mass in its state of relative equilibrium. 

113. Let ^be the given angular momentum of the system, 
and « its ultimate angular velocity. 



• The angular momentnin of a system, relatiye to an axis, is thB sum of the mo- 
mentf of the momenta of the seyeral particles of the system about the axis. 

The constancy of the angular momentum is therefore the expression of the principle 
of 'the conserradon of areas.' 
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Taking c and c V(l +X^ for the axes of the spheroid of 
equilibrium, and Jf for the mass, the expression for the angtilar 

1 2 

momentum is - . t M<? (1 + X*) co ; 

o 

4 
we have also - irpc^ (1 + X*) = Jf, 

o 

and from these two equations, combined with the equation, 

^^^i^' - tan-^ X = ... Art. (102), 

o + A. 

the values of o, o>, and \ can be determined. 
From the first two, we obtain 

, 25IP f i irp) 

= p (1 + X*)"*, suppose ; 

• • 3 + V -*«» '5^ = 0. 

is the equation which determines X. 

The left-hand member of this equation is positive when X is 
very small^ and negative when X is indefinitely large, and the 
equation has therefore a positive root; consequently, the fluid 
mass will at length attain a spheroidal form of equilibrium. 

It can be shewn moreover that the equation has only one 
positive root, and therefore there is one spheroidal form, and 
one only, towards which the oscillating fluid mass continually 
approximates. 

This discussion is taken from the Micanique CSlestCf Tom. il. 
p. 71, and from PentScoularU's J^stime du Monde^ Tom. ii. p. 409. 
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CHAPTEE VIII. 

THE EQUATIONS OF MOTION. 

• 

114. We have assumed, as a ftindamental property, that 
*' the pressure of a flnid is always normal to any sm&ce with 
which it may be in contact/' and, from this assumption, it fol- 
lows necessarily that the pressure at any point is the same in all 
directions. So far as the equilibrium of fluids id concerned, the 
results of calculation are in accordance with facts, and the above 
principle appears to be established. 

In considering, however, the motion of fluids, very little obser- 
vation is sufficient to shew that the hypothesis of fluid pressure 
being normal to surfaces with which the fluid is in contact is no 
longer tenable as a matter of fact. For instance, if water in a 
cap be set rotating, the motion is graduaUy diminished, and in a 
short time ceases altogether ; this can only result from a tangen- 
tial action between the surface of the cup and the particles of 
water immediately in contact with it, and from a transmission of 
this tangential action throughout the whole mass. Other in- 
stances might be adduced, such as the action of the air upon 
pendulums, and the motion of water flowing down sloping tubes, 
in which the results of calculation and of observation are cx)nsider- 
ably at variance with each other ; but, as the motion of perfoct 
fluids only will be discussed in the present treatise, it will be 
sufficient for our purpose to recognise the fact that the internal 
friction of fluids produces, in general, a sensible modification of 
their motions, and the consequent probability that a discrepancy 
will exist between the conclusions of theory and experiment. 

115. The conception of a perfect fluid implies that its pres- 
sure on a surface is in all cases a normal pressure, and it follows 

B. H. 16 
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necessarily that, whether the fluid be at rest or in motion, the 
pressure at any point is the same in all directions. 

Conceive a small tetrahedron of the fluid solidified ; then, by 
D'Alembert's principle, the pressures on the faces, the moving 
forces arising from external attractions, and forces equal and 
opposite to the effective moving forces, form a system in equili- 
brium. Suppose the tetrahedron indefinitely diminished; the 
extraneous forces, and the effective moving forces, vary as the 
cubes, while the pressures vary as the squares, of homologous 
lines, and therefore the former are, in the limit, evanescent com- 
pared with the latter.' The tetrahedron is, therefore, ultimately 
at rest xmder the action of the pressures only, and hence it 
follows, as in Art. (7), that the pressure is the same in every 
direction. 

116. Prop. To find the equations of motion. 

Let Xy y, s?, be the co-ordinates of a point within the fluid in 
motion, and, at the time ^, let w, v, w?, be the velocities, parallel 
to the axes, at the point : w, v, w? are therefore, generally, func- 
tions of Xy y , Zy and U 

The velocity at buj point in a fluid may be looked upon as 
the velocity of the particle or element of fluid which happens, at 
the time, to contain the point ; or, if the fluid be conceived as 
made up of ultimate molecules, the velocily at any point is the 
mean of the velocities of all the molecules contained in an ele- 
ment of fluid about the point, when the element is indefinitely 
diminished. 

Let m be the mass of an element of fluid about the point 
a?, y, z, and let mX^ mY, mZ, be the impressed forces acting 
upon m. 

Considered as defining the position of m, x, y, and« are func- 
tions of ty and of the quantities defining the initial position of m, 
and, on this supposition, we have 

Dx Dy Dz 

Dt' Dt' Dt' 

employing D as the symbol of differentiation, in order to dis- 
tinguish between the variations of a?, y, «, which depend on the 
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motioiiy and the arbitnuy variations which arc considered in the 
equilibrium equations we shall haye to employ. 

The effective forces are 



m 



or 



Du 






Dn 



Dw 



"^^^ "^Di^ '''Dt^ 



and, by D'Alembert's principle, the aggregate of these forces 
reversed, would, in combination with the impressed forces, main* 
tain the equilibrium of the fluid. 

Hence, if ^ be the pressure, we obtain from Art. (16) the 

equations 

dp (^ Dv> 



dp 
dp 






■Pm> \ 
DtJ' 



(1). 



The symbol d referring to partial differentiation, we have, 
since u is a function of x^ y, z, and t, 

Du __ du du Dx du Dy du Dz 
Di'"di'^^Di^dy''Di^Tz'Di' 



or 



Du du du . du 



du 



Dt dt dx Ky dz^ 



with similar equations for yr and -jy- . 

Substituting in (1) we obtain, as the equations of motion, 



\ Ap^Y du du du du 

pdx dt dx dy dz^ 

^^_ y dv dv dv dv 

pdy" di dx dy dz^ 

1 dp ^ dw dw dw dw 

pdz di dx dy dz 



(2). 
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If the fluid be elastic, and if the temperature be supposed 
constant, we have also the equation 

It is important to observe carefully the meanings of the 
symbols employed in these equations ; the quantities -^r- , y?- , 

jr- in (1), are the rates of variation of the velocities, parallel 

to the axes, which, at the time «, represent the motion of the par- 
ticular element m of fluid ; and in both (1) and (2) the differential 

coefficients -^ , -^ , -^ , are taken on the supposition that a?, y, 

and z are independent variables. 

117. Let a, ft, o, be the co-ordinates which define the 
initial position of the element m, and let 

then ^, 17, (;*, are the displacements, parallel to the axes, of the 
particle m during the time t, and, x, y, «, being functions of 
a, ft, 0, and ty that is, of a? — ^, y — 17, — (r» ai^d ^, it follows that 
^, 17, (T) are functions of a;, y, z^ and f, and therefore 

Dt dt '^dx Dt^dy Dt dz Dt' 



But 






(8). 



dS dH rff rff 

and similarly, ^^ +u^-^v^+w^^v, 

dt dt dt dt 
at dx dy dz 

These equations will determine f, 17, (f, when w, v, w have 
been determined as functions of a?, y , «;, and ^. 
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The Equation of Continuity. 

118. The equations obtained in Art. (116), are not sufficient 
for the purpose of determining the motion, and another equation 
can be obtained from the consideration that the fluid, although 
its external form may change, or the density about any point 
within it vary during the motion, must be, in general, a con^ 
tmitaua mass. 

We shall express this continuity of the fluid by assuming 
that any small parallelopiped, fixed in space within the fluid, re- 
mains full during the motion which takes place in any small 
interval of time. 

Let Xf y, z, be the co-ordinates of one angular point, P, and 
^ + 0^ y + A ^ + 79 ^f ^^ opposite angular point of the paral- 
lelepiped. 

Then, if p be the density, and u the velocity parallel to Xy at 
the point P, the quantity of fluid which enters the parallelopiped 
at the &ce /Sy, containing P, will be 

in the time &, and therefore the quantity which, during the same 
time, flows out at the opposite fistce, will be 

(pu + i^a)^^. 

Hence the loss of fluid in consequence of the motion parallel 
to a;, is 

Similarly the quantities lost in consequence of the other 
motions, are 

and the total loss is, 



i 
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but the increase in the quantity of fluid in the time Bt is given 
by the expression -~ Bt . a/87, that is, the loss is 

and therefore, equating these expressions, 

dp ^ djpu) ^ djpv) ^ d{pw) ^^ .^. 

dt dx dy dz .••...... \, 

This equation may also be obtained from the consideration 
that any particular elementary portion of the fluid remains a con- 
tinuous mass during its subsequent motion. Thus, if a;, y, z^ be 
the co-ordinates, at the time t, of a particle of the fluid, the 
equation is obtained by equating to zero the variation, in the 
time Btj of the element pBxByBz. 

119. K the fluid be homogeneous and incompressible, p is 
constant, and the equation becomes 

du dv dw _ 
dx dy dz ' 

This last equation is also true, if the fluid be heterogeneous, 
provided it be incompressible ; for the density of a particle in 
motion will be invariable; and therefore the variation of p, con? 
sidered as a fimction of a?, y, «, and <, will be zero, if we take 

Bx = vZtj By = vBt^ and Bz = wBt. 
Hence 

at dx ay az 

and, subtracting this from the general equation of continuity, 

we get 

du dv dw ^ 

dx dy dz^ ' 

120. K the forces be such that Xdx + Ydy + Zdz is the 
complete differential dR of some function R, and if the motion be 
of such a nature that tidx + vdy + wdz is a complete differential 
^, the several equations can be reduced to a more manageable 
form. 
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In this case -^^u^ T^ " ^» ^^^ "^ ~ ^^ » 

, , Ptt^ (T^ d^ d^ d^ d^ d^ d^ 
Dt " dxdt dx ' da? dy ' dxdy dz ' dxdz ' 

Dv d'if} d4> rfV . # d'if} M d'ij} 
Dt dydt dx * c£rdfy dy * rfy* rfj5 * dydz ' 

Dw_^^ d^ d^ M rf> ^ _^ 
jDi "" dzcU dx ' dxdz dy ' dydz dz ' dz^ 

From the equations (1) we have 

.^...i*».«-..f-i..{(#)V©%(f)]. 

or Up = dR-d.^^-ld{U') (5), 

(7 being the resultant velocity at the point a?, y, z. 
Hence, if the fluid be inelastic and homogeneous, 

p dt 2 ' 

and the equation of continuity is 

dal^ d^ ds? 
If the fluid be elastic, p = kp, and we obtain 

In each integration an arbitrary function of t must be intro- 
duced, but it is unnecessary to insert such a function in the 

equation, as it may be supposed to be contained in ^ . 

121. Taking s an arc of the line of motion passing through 
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the point a?, y, z, it is evident that m -j- is the force on the par- 
ticle m in the direction of its motion ; for, since 

^ dB ^ dR , ^ dR 

ds da ds ds' 

Also the velocity Z7= w^-+v-r^ + w?-r = ^; 

"^ as ds da da 

and therefore, if Wi8^ be the tangential force on w, the equation 
(5) may be written 



1 ^ _ q^dU jj 



dU 



p ds dt ds ' 

This equation may be obtained more briefly as follows. 
Taking p as the pressure at any point of a fluid at rest^ and 
measuring s in any direction, we have 

where m8 measures the force on m in the direction of s. 

In the case of the fluid in motion, measure s in the direction 
of the line of motion, and let U be the velocity ; then Z7 is a 
function of s and t, and 

DU_dU jjdU 
Dt^ dt^^ ds' 

Hence by D'Alembert's principle, 

JS-^-f-'^f («• 

122. Cases of motion are of course conceivable in which 
vdx + vdy + wdz is not a complete differential, and in such cases 
we must employ the equations (1) in order to determine the 
pressure at any point. 

For instance, if a fluid revolve uniformly, without change 
of form or relative displacement, about a fixed axis, 

udx + vdy + wdz^ 
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is not a complete differential. Thus, taking the fixed axis as the 

axis of Zf 

u=i — ©y, V = ODX, and w = 0; 

.*. tidx + vdy + wdz = (o{xdy^ydx), 

an expression which clearly is not an exact differentiaL 

Secorring to the equations (1), we have, for this case, 

p dx ^ p dy ^' p dz 

and therefore, 

- dp== Xdx+ Ydy-\-Zdz-\- ©' {xdx-^-ydy)^ 

r 

as in Art. (31). 

It can be shewn however, that if, at any time during the 
motion, tidx + vdy + wdz is a perfect differential, it is so always ; 
a proof of this will be given hereafter. 

123. Another form of the equation of continuity, which is 
sometimes usefdl, may be obtained as follows. 

Let PQ = & be an arc of the line of motion passing through 
a point Q ; and let AB be a small area normal to the arc, such 
that all the particles of fluid crossing it may be considered as 
Inoving perpendicularly to it. 

Let AA\ BB*, &c. be small arcs of 
the lines of motion through the bounding 
points of AB, and A'B" the normal 
section through Q of the surface formed 
by these lines of motion. 

Take p as the density of the fluid in 
PQ at the time t, k the area oi AB, and v the velocity at P; 
then the quantity of fluid which enters at AB during the time ht 

= KpvBt, 

and that which flows out at A'B' 

= KpvSt + -J- {KpvSt) . &. 

B.H. 17 
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The excess of the former over the latter of theses two ex- 
pressions is the whole increase of the fluid in PQ during tlie 
time ht^ and is 

but the mass of fluid at the time t being ^cpSa, the increase in 
the time ht is also expressed by 

^ (/tp&) &, or ^ {kp) 8rf<, 
and therefore 

^M + ^(^H=o (7). 

From the way in which this equation has been obtained, it 
will be seen that allowance is made for the expansion of the 
element which may in certain cases take place, and it is only in 
this way that k can be an explicit fonction of time. The small 
section AB may be taken arbitrarily, but the section A'S will 
depend, not only on the arc PQ^ but also on the directions of the 
lines of motion passing through the bounding curve oi AB] the 
variation of k may therefore depend on the time explicitly, since 
these lines of motion may vary with the time. 

124. The form (7) may also be obtained by considering the 
motion of a small cylindrical portion PQ of fluid, and by express- 
ing the condition that its mass should remain the same. 

Let PQ be the position of the element at the time ^, 

P'^at the time « + <Z^, 

//ft 

V the velocity of P, and therefore v + -5- <& of Q, if PQ = & ; 
thenPP = i«ft, and e<2' = (« + ^&)&, 
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and therefore PQ = &(1 + ^ &). 

If ic be the section of the cylinder Pft 
ic is * fiinction of a and t, where s also depends upon ^ 

and therefore the section ofP'C' = ie + -r€ft + ^-. wft. 

at ds 

Hence the mass oiPQ 

= mass of PQ = pK . PQ — pic.Sa^ 
and we thence obtain ^ (^) + t: {'V^) "= 0* 

This form of the equation of continuity will be found avidlable 
in cases in which it may be convenient to employ the equation 
of motion, (6), obtained in Art. (121). 

The Bounding Surface. 

125. In whatever manner a fluid mass be in motion, the 
particles of fluid which at any time happen to be in the surface 
can have no motion across it ; in other words, the fluid particles 
either have no motion relative to the surface, or their relative 
motion is wholly tangentiaL 

It is not to be supposed that particles once in the sur£Eu^, are 
always in the surfeu^, for the motion of a fluid particle, relatively, 
may be in a curve touching the surface, or it may approach with 
a relative velocity continually diminishing and vanishing at the 
sm&ce, and may then retreat within the fluid mass ; all these 
cases will however be included in the condition that the relative 
motion is tangential to the surfeu^. 

Let i^(f,^, C, 0=0, 

be the equation to the bounding surface at the time f , and let 
Xf y^ Zj be the co-ordinates of a fluid particle in the surface ; then 
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At the time t + St, the co-ordinates of the particle are 

X'\'vSt, y + vBty z + wBt, 

and, since the relative motion is tangential, these quantities will 
differ by small quantities of the second order from the co-ordi- 
nates of some point in the surface 

and, therefore, substituting for f, 17, (Tj.and neglecting such quan- 
tities, 

F{x-i-u8t, y + vBt, z + wSt^ e + 8<)=0, 

from which we obtain in the limit 

F'{t)+ uF' (a?) + vF' (y) + wF' (2) = 0, 

the differential equation to the surface. 

126, If the fluid be incompressible, and if «r be the external 
pressure upon its surface, and p the pressure at the surface, we 
shall have 

;? = «r, 

and, therefore, at all points of the free surface, 

^ ^ ^ dp (ihr 
dt dx dy dz" dt ^ 

Uy Vy and to being the velocities of the point x, y, z. 



CHAPTER IX. 

STEADY MOTION AND PARALLEL SECTIONS. 

127. When the motion of a fluid is such that the velocity of 
a fluid particle is a function of the co-ordinates a?, y, z only, and 
4oes not involve the time explicitly, that is, when the velocities 
of the particles of fluid which pass in succession through a given 
point are always the same, the motion is characterised as steady 
motion. 

On this hypothesis, or, in other words, in the cases for which 

, ^. . .,1 -1 . du dv dw , 

such a motion is possible, the expressions -7- , -r , — ^ , do 

not appear in the original equation, and ^ will therefore not 

appear in the final equation, which is, in consequence, 

^ dp ^ fy dv 
p ds ds^ 

emplojdng v to represent the velocity. 

As an instance of steady motion, consider the case of a vessel 

kept constantly Aill, and having a horizontal orifice in its base, 

fi:om which the fluid issues at an uniform rate. The vessel may 

be supposed to be in the form of a surface of revolution, and to 

have its base horizontal. 

dz 
Ghravity being the only force in action, S^g-^y if^be 

measured vertically downwards, and 



1 dp dz dr 

p 



ds ^ ds ^ ds' 



Let U be the velocity at the surface, and v at the orifice ; 
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then, taking h as the depth of the orifice below the soi&ce, 
and n as the atmospheric pressnre, 

But, iS AhQ the aiea of the sai£EU», and K of the orifice, and 
if the motions of all the issuing particles be supposed perpen« 
dicnlar to the plane of the orifice, 

A Z7= Kuy 

since the quantity of fluid poured in at the sur&ce in any time is 
equal to the quantity which passes through the orifice in the 
same time ; 

and w = ^{2gh) — y— _. 

If the orifice be very small, the ratio -7 may be neglected, 
and, approximately, u = ^/{2gh). 

128. In any case of steady motion, if gravity be the only force 
in action, we have 

Suppose the orifice not in the base of the vessel, and so small 
that the velocities of all the particles passing through it are 
sensibly the same ; we then have, as in the ptevious case, 

and approximately, u^Aj{2gh). 

If the vessel be not kept constantly ftiU, the motion will not 
be steady, but when the orifice is very small, it may be taken as 
being approximately steady, and the expression V(2^A) may be 
employed as the velocity dPthe issuing fluid. 
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Looking upon the issuing fluid as a series of particles in mo- 
tion under the action of gravity, every particle moves in a 
parabolic path, and the issuing fluid takes the form of a parabolic 
arc Moreover sinee the velocity at the orifice is, approximately, 
that due to the height A, the directrix of the parabola is approxi- 
mately coincident with the surface of the fluid. 

129. Pbop. To find the time in which a given quantity cf 
fiaid win flow through a small orifice. 

At the time ^, let x be the height of the surface above the 
orifice, and X its area. 

Then, approximately, 

velocity at the orifice = ^/{^gx) : 

but — -^ is the velocity of the surface, 

.•• -X-^ = K^{2gx), 

dt X 

or -5- = — 



dx K *^{2gx) * 

X being a known fimction of x, this equation gives t in terms of 
a?, and therefore x in terms of t 

It will be seen hereafter that, in certain cases, particularly 
when the containing vessel is formed of a thin substance, a con- 
siderable modification of the value of A;, employed in the pre- 
ceding process, is requisite, in order to obtain results in ap- 
proximate accordance with observations. 

130. Ex. 1. A hollow coney having its axis vertical, is filled 
with water/ required to find the time in which it vnU he emptied 
through a smaU aperture at its vertex. 

In this case, X^imfisx? a, taking 2a as the vertical angle; 

dt Trtan'a 



dx k *J{2g) 



A 
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and, if A be the height of the cone, the time {t) in which it will 
be emptied is 

If the cone had been kept constantly Ml, the velocity at the 
orifice would have been always *J{2gh), and the same quantity 
of liquid would have flowed out in a time t, such that 

TK s/(^gh) = JttA' tan' a ; 

hence we obtain f : t :: 6 : 5, 

Ex. 2. A vessel, in the form of a surface of revolution, has a 
small aperture at its lowest point / determine its form so that the 
surface of water, contained in it, wjoy descend uniformly. 

We must have -^ constant, and therefore -7- constant ; but, 

at ^ fjx 

i£y=:f(x) be the generating curve, X^inf, and therefore —- is 

constant : hence the generating curve is one of the class 

y* = a^x, 

the velocity of descent being determined by the value of a. 

This example contains the theory of the Clepsydra or water- 



clock. 



The Hypothesis of Parallel Sections. 



131^ Suppose the interior of a vessel to be a surface of revo- 
, lution, the axis of which is vertical ; and suppose moreover that 
the inclination to the vertical of the generating curve is always 
small, and does not change rapidly. 

If such a vessel contain fluid, which is allowed to flow out 
through a horizontal aperture in its base, it is evident that the 
fluid particles will move in directions nearly vertical, and the 
velocities of all particles in the same horizontal plane will be 
very nearly the same. The discussion of the real motions in 
such a case would be excessively complicated, but an approxi- 
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mate solution may be obtained by means of the hypothesis, that 
the successive horL^ontal laminse of fluid descend vertically, and 
replace each other in succession, that is, that the motions of all 
the fluid particles in a horizontal plane are the same, and all 
vertical. 

This is the hypothesis of parallel sections, and it is clearly 
equivalent to the neglecting of all horizontal motions, and of the 
changes which take place in the component particles of the 
descending lamina of fluid. 

If the oirifice be nluch less than the horizontal base of the 
vessel, the motions of the particles near the base cannot be all 
vertical, and the same, in the same horizontal plane ; the hypo- 
thesis therefore will not even approximately hold good. In 
order however to obtain a solution of the question, the hypothe- 
sis will be inade throughout, and a large allowance must there- 
fore be made for the probable error arising from this cause. 

Under this head we shall discuss the following problems. 

132; I. A vase in the form of U surjfhce of revoluttoriy and 
having a finite horizontal aperture in its base, is kept constantly 
JuU; required to determine the rate at which fluid must he poured 
in. 

Let A be the area of the fop of the vase, K of the aperture, 
and h the depth of the vase. 

At a depfh z below the surface, where Z is the area of the 
horizontal section, let v be the velocity at the time t, and, at the 
same time, let U be the velocity at the surface and u at the 
aperture. 

Then, the fluid being supposed inicompressible, the same 
quantity must pass through any horizontal secti($h in the same 
element of time St ; 

.'. VBt . A = uStK== vBt . Z, 

or AU^Ku^Zv. 



B. H. 



18 
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These conditioiis, it will be obseryed, 
express the continuity of the fluid. 

The only force acting on the fluid is 
gravity; 

and the equation of motion is 

\ dp ^ dv dv 
p dz"^ dt dz' 

Now U and u are functions of t, but are independent of z : 
Zy being the area of the section for which the velocity is t?, is a 
function of «, and is therefore only implicitly a function of t, 

XT 1^ ^ ^^ 

Hence the equation v = -^ , 

dv A dU 



\ dp _ AdU 



dv 



^nd£=C+ffz-A^f^-W, 



where G may be a function of t. 

Let n be the pressure at the surface ; 
then, when ^? = 0, p = 11, t? = U, 






and^:-^ = ^.-^"^T§-i(.'-£0 



= ffz-A 



dUrdz 
dt 



0-i'-(F-')- 



Let n' be the pressure at the orifice ; 
patting g = h, and therefore Z= K, 

If the vase be in air 11' and IT will be sensibly the same, and. 



% 
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assuming this to be the case, we have, for the determination of 
Uy the equation 

T ^ A fdz , A* 

Liet A j ^ = «, and ™ - 1 = 2w ; 

then a -^ =^A — wZT*, 



de- 



m 



it - ^) ■ 



/(sh) + u 

Tip 



~V U/C' + e-'' 



Suppose that initiallj the vase was jttst filled, and the fluid 
then allowed to escape at the orifice, the vase being kept full by 
pouring in fluid above; then initially £7's=0; 

1 4-e" » 

this equation determines the rate at which fluid is being poured 
in at the time t 
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The quantity which has been poured in from the beginning 
of the motion to the time t* 

^h'UAdt 

If the motion be continued for a long period of time, we ob- 
serve that ^appoximates to a 'terminal velocity' a/( J > 

or, ^{^h.-^^. 

ATJ // -4' \ 1—6"** 

Also, u^-j^=^{2gh -^-^) j-ppa, 

and approximates to a terminal Take, 

If K is small compared with A, these are, approximately, 

2 V(2yA), and ^/{2ffh), 

results which might have been anticipated, for it is clear that 
ultimately the motion will become ' steady.' 

133. n. A vase, having a horizontal aperture in its hose, 
contains liquid^ which is allowed to jUm out through the orifice ; 
required to determine the motion. 

At the time ^, 
let X be the height of the surface above the orifice, 
X the area of the section at the surface ; 



^ 
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a, Ay the initial values of x and Xj 

Z the area of the section at a height z about the orifice, 

17 the velocity at the surface, u at the orifice, and v at the 
height «. 

The equation of motion is 
1 <^__ dv dv 



dt dz 
fJso ^u = XZ7= Zvy 
where uis sl function of t or x, 
Xofxy Z7ofa?and^, Zotz, 

V o{ z and t, and a; of ^ ; 

dv _^K du 

p dz ""~*^"~Z ^"" ^' 



X 

\r— - x E:: i^ ^ ^ 



^ ^rftt tdz 1 



1 ^* 

2 -2^* 



At the time i, when « = a, 

^ = n, and Z== X; 

and, when 2 =0, j) = 11, and Z= K; 

dt~ dx dt~ dx' 
Z7 being measnted downwards and x upwards, 

_ Ku du 



K*u du t'dz \fK* 



du ['dz IfK' ,\ , . 
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a linear equation which determines w, and therefore ?7, in terms 
of aj; 

and, from the equation 

dt ^' 

we can obtain t in terms of a?, and therefore x in terms of t. 

The quantity of fluid which has escaped in the time t from 
the beginning of the motion is the volume of the vase between 
the heights x and a, that is, 

SlZdz. 

It may also be expressed as the quantity which has flowed 
through the orifice in the time ^, which 

Consequently 

SlZdz^Kflvdt, 

observing that a; is a ftmction of t. 

As before, if K is very small compared with the values of Z, 

-™ and -yT I -= may be neglected, and, as a rough approxima- 
tion we have, w' = 2gx. 

134. m. The motion of an incompressible fluid in a tube of 
small section. 

We shall suppose that, the particles of fluid in any normal 
section move perpendicularly to the section, and that the volume 
of fluid is given. 
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Let be a fixed point in the axis of the tube, AB the fluid 
in motion, Z the area of the section at a point P in the fluid, 
-4, A\ the sections at the extremities. 

Take 0-4 = a, 0-8= a', OP =8, and let S be the accelera- 
tion at Pin direction of the axis ; 

1 c?p __ ^ dv dv 
' ' p ds^ dt ds^ 

where v is the velocity at P. 

If w, u be the velocities at A and -B, 

Au = A'u' = Zv, 
where -4 is a function of a, A' of o! and Z oi s\ 

dv ^Adu J ^^ __ -^^ ^^ 

pds^ Zdi'^'Z^ di' 
and, integrating with regard to «, 

l,C^\^-A^\^-\^, ,„. 

where G may be a function of the time. 

Let the pressures at A and B be equal, then 

Also, since the volume of fluid is given (F suppose), 



/; 



which gives a in terms of a, and therefore A as well as .4 in 
terms of a. 

Hence the equation (2) may be written in the form 

da. 
or, since ^*~7^' 
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^ 
d^ 



+ *W(|)+t(a)^0, 



a differential equation from which a may in some cases t)e found 
in terms of ^, and theiice a', -4, A^ andp, from (1). 

dz i 

If gravity be the only force, S=g -f- , measuring z down- 
wards, and 

I 8d8=:l ffdz^g {y-y), 

J a J y 

y and 7' being the values of is; at ^ and Bi 
The equation (2) may also be written 

and, if ^' be small compared T^th A, the second and third 
terms may be neglected, and an approximate equation obtained 
forw'*, i.e. 

u^^^ii-^y). 

Suppose the tube, as in the 
figure, to end in an orifice from 
which the fluid issues. If we take 
the origin at the orifice, we shall have 
a' = 0, 7=0, A' constant, and 7 
negative, and, as before, the velocity 
at the lowest point of the tube will 
be approximately thfe velocity due 
to the depth below the surface. 

135. The motion of an incompressible fluid in an uniform 
tube ofsm^ll section. 

In this case v is the same at all points of the tube, and 

di) 
therefore -^ = 0, and the equation of motion is 

\dp ^ q^dv 
p ds dt ' 

Let gravity be the only force in action, and measure z ver- 
tically upwards; 
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and £ = C-gz-p. 

Taking a and a as the extreme values of a, 7 and 7 of z, we 
obtain 

0=ir(7-7') + §(a-a'), 
or, if Z be the length of the filament of fluid, 

^, . , , , dv da da! 

observmgthat ^=^ = -5?- 

Ex. Liquid rests in a fine tubsy the axis of which is a circle 
in a vertical plane ; the fluid being slightly disturbed^ required the 
time of a small oscillation. 

Let the filament of fluid subtend an angle 2a at the centre, 
and at the time ^ let be the angular distance &om the vertical 
of the middle point of the filament. 

Then 7 — 7' =a {cos (a— ^ — cos (a + ^} = 2a sin a sin ^, 

, ^ dv d*0 

Z=2aa, aiid^ = a^, 

d'u . /, 

.'. aa--p-=— ^rsmasm^, 

and, if the original displacement be small, the time of a small 
oscillation is 



V \gsmaj' 



Small Orifices. 

136. In each of the three preceding problems we have seen 
that, when the orifice is small, the velocity of efflux is approxi- 
mately the velocity due to, the depth of the orifice below the 
surfSsu^. This is in accordance with the result of Art. (127), in 
which it is assumed that the motion is steady in all cases in 
B. H. 19 
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which the orifice is small, and we are therefore now enabled, by 
observing the quantities neglected in making the approximations, 
to estimate the amount of error involved in taking the hypothesis 
of steady motion for such cases. 

The case of a small orifice, not in a horizontal plane, may be 
illustrated by the third problem. Art. (134). 

For it may be easily conceived that the fluid below the 
orifice will be almost entirely at rest, and that the issuing 




stream, or the central portion of it, will, before its efflux, have 
been flowing through the fluid in the vessel in a somewhat 
tubular form, so that its motion may be considered as the motion 
of a fluid in a tube, the section of which continually diminishes 
near the orifice ; and therefore the result of the problem referred 
to may be applied to the confirmation of the result before ob- 
tained on the hypothesis of steady motion. 



The contracted vein, 

137. When fluid issues through a small orifice in the thin 
base of a vessel, it is observed that the issuing stream is not 
cylindrical, but, near the orifice, is contracted so that its sec- 
tional area is less than the area of the orifice. The stream then 
expands and afterwards, as it descends, again diminishes gra- 
dually in size. 

The sudden diminution of the issuing stream forms what ia 
called the ^ contracted vein,' and is due to the oblique or nearly 
horizontal motions of the particles near the edges of the orifice 
just before their efflux. 
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The after contraction, which is gradual, is due to the law of 
continnily, which requires that the mean velocity of the particles 




in any horizontal section of the issuing stream should vary 
inversely as the area of the section, and therefore that, as the 
velocity increases in the descent, the area of the section should 

diminish* 

• 

138. The discrepancy which exists between the results of 
theory and experiment is to a great extent accounted for by the 
contraction of the vein or filament of issuing fluid, and it is found 
moreover, as would be anticipated, that the amount of difference 
depends upon the nature of the orifice. 

For instance, if the orifice be simply an opening in the side 
of the vessel, and if the side be very thin, the quantity of fluid 
which flows out in a given time is about |ths of the quantity 
given by the theory. Again, when the fluid issues through a 
cylindrical aperture of sensible length, formed by attaching to 
the orifice, extemaUy, a small hollow cyUnder, the ratio is found 
to be about |ths ; but, if the cylinder be attached internally, the 
rate of efiiux is about one half the theoretical rate* 

The rate cf efflux depends upon the area of the orifice and 
the velocity of the issuing stream ; it is shewn by experiment 
that the latter is, in general, not very different firom the theo- 
retical velocity, and the observed error in the rate of efflux ia 
therefore to a great extent accounted for by the formation of the 
* contracted vein.' 

An account of experiments, made by Bossut and others, on 
the efflux of fluids through orifices of various kinds, is given in 
the Encyclopaedia Metropolitana, Hydrodynamics, p. 207. 

* Poisson, Mlcamquet Art. 676. 



148 MOTION OF flLASTIO FLUIDS. 

139. In all the preceding investigations the containing ves- 
sel has been supposed to have the form of a surface of revolu- 
tion, but they are evidently applicable to the case of a vessel of 
any form, the horizontal section of which does not change very 
rapidly, and the symbols employed {K, Zy &c.), being perfectly 
general, no correction is requisite for the application of the for- 
mulsB to such cases. 

Motion of Elastic Fluids. 

140. If elastic fluid move in a tube the section of which 
does not change rapidly in size, we may make use of the hypo- 
thesis of parallel sections as before. 

Assuming the motions of all the particles in any one section 
to be sensibly in the same direction, parallel to the axis of the 
tube, and neglecting gravity, the action of which will not sensi- 
bly aflfect the pressure, the equation of motion is 

\ 6^ _^ dv dv 
p dx dt dx^ 

where v is the velocity in a section at a distance x from a fixed 
section. 

The equation of continuity, depending on the hypothesis 
which neglects all motions but those perpendicular to the section, 
is determined as follows. 

Let X be the area of the section, the velocity of the particles 
passing through which is t?, and p the density about this section 
at the time t. 

Then pvXSt is the mass of fluid which flows across the sec- 
tion in the time St ; 

.-. {pvX + '^{pvX)Sx}Bt 

is the quantity which flows across the section defined by the 

distance x + Sx, and — -7- (pvX) Sx St is the increase of the 

quantity of fluid in the volume XSx during the time Sty which 
is also given by the expression 



XSx 



■ (I *') ■■ 
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is the equation of continuity. 

We have also, if the temperatnre remain constant, 

and onr equations become 

p dx dt da?"~ ' 

141. We shall not discuss the system of partial differential 
equations just obtained, but proceed to consider the particular 
case in which the motion is steady. 

It may be supposed that the air is supplied from a large 
reservoir at a constant pressure, and we shall then have 



dv 



= 0, 



dt 
k dp 



dt ^' 



and 



or 



+ t; — = 
p dx dx * 

pvx^cy 



Let X be measured from a plane in which the pressure is 
sensibly the constant pressure, 11', of the reservoir, and let A be 
the area of the section, and Z7the velocity of the particles in it. 

Also let tt be the velocity of efflux, 

K the area of the orifice, and 11 the pressure. 



n' 



or 
and 



.-. ^'(l-irM«) = 2A;logjj. 
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If ?7 be very small, or K small compared with -4, 
approximately 



we have 



n' 

1^* = ik log yj . 



Suppose the air to be forced out of a cylinder through a small 
orifice by a piston moving slowly and exerting a constant pres- 
sure. The piston moving slowly 

with a velocity Z7, we may as >■ 

sume the motion as approxi- 
mately steady ; 

.'• Alog^ + 4t;'= G\ 



w»-Z7«-2ifeby~, 




and, as before, 

gives the velocity {u) of efflux. 



n 



142. From the equation of steady motion for elastic fluid, 
not under the action of any force, 

p as 

we obtain Alog^= (?— ^v*, ox p^Jle 



f>« 



n being determined by knowing the pressure for a given 
velocity. 

It Mows therefore that j, is dhninished hj an increase of 
velocity, a theoretical result which can be easily verified by 
experiment. 

One form of the experiment is as follows. To one end of 
a straight tube let a plane disc be fitted which ha capable of 
sliding on wires projecting firom the end of the tube ; if the 
disc be placed at a small distance &om the end, and a person 
blow steadily into the tube, the disc will be d/ravm towards 
the tube, and, instead of being blown off the wires, will oscil- 
late slightly about a position very near the end of the tube. 

Or the experiment may be more simply performed by fasten- 
ing a straw with sealing wax to a piece of card-board having a 
small hole in it. If a piece of paper be placed over the hole and 
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the experimenter blow through the straw, the paper will bend so 
as to allow the egress of the air, but will not be detached from 
the card. 

The history of this experiment, and the variations which 
occur in practice for different sizes of the aperture and the disc, 
are given by Professor Willis, in the Cambridge Philosophical 
Transactional Vol. III. Part I. The fact was first observed in 
some iron works in France, about 1826, where one of the forge- 
bellows opened in a flat wall, and it was found that a board pre- 
sented to the blast was sucked up against the wall. An experi- 
ment was however devised by Hawksbee, in 1719, which is 
equally illustrative of the theory. Hawksbee's experiment simply 
consisted in passing a current of air through a small box, and he 
observed that the air contained in the box became considerably 
rarefied, a fact in accordance with the result that, neglecting 
changes of temperature, the pressure, and therefore also the den- 
sity, is diminished by an increase of velocity*. 

It may be here noticed, that an experiment, similar to the 
foregoing, was performed by M. Hachette, in 1826, with a stream 
of water, and with a similar result. The explanation is the 
same ; that is, it appears from the equation of steady motion, for 
incompressible fluids, that the pressure diminishes with an in- 
crease of velocity. 

143. In the preceding investigations on the motion of 
elastic fluids, the temperature has been considered uniform ; if, 
however, the motion be very rapid, a sensible change of temper- 
ature takes place, and the results obtained must therefore, in such 
cases, be subject to considerable modification. 

144. A vessel^ having a horizontal cgperture in its basCj is 
partially immersed in fiuid of unlimited extent^ and is Jc^t conn 
atanilyfuJl of the same fluid; when the motion is steady^ required 
to find the raite at whidi fluid is poured in. 



* I hare rinoe found that a theoretical explanation of the above experiment has 
been gWen by Professor Challis, CamJb, PhUi Trang, Vol. L Part iii., who has also 
suggested other practical tests of the same theoretical result 
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Let a be the height of the swrh/ce of the fluid in the vessel 
above the surface of the external fluid, and h the depth of the 
aperture below the upper surface. 

Measuring z from the upper surface, the equation of steady 
motion is 

but, when « = 0,^ = 11, and, when z = h, ^ = n+^p(A — a), 
therefore, if u be the velocity at the upper surface and u at the 
aperture, 

u^ = w' + 2ga. 

1£ Ky K' be the areas of the surface and the aperture, 
Ku = K'u, and the quantity poured in during the unit of time 



= Ku = KK' y/ (^, ^^^^ . 



145. If there be SLj^nite vertical orifice in the side of a vessel 
containing liquid, the rate of efflux can be calculated, when the 
motion is steady, by supposing the orifice to consist of a number 
of very small orifices, and by determining the aggregate of the 
effluxes through all the orifices. 

Thus, if u be the velocity at the surfe^^, and v at an element 
of the orifice k, the depth of which is z, 

v^ = u^ + 2gz, 

and taking K as the area of the surface, 

or, if y be the breadth of the orifice at the depth z, 



Ku = I y^/{u^ + 2gz) dz, 

J a 



a and b being the depths of the upper and lower boundaries of 
the orifice. 

If the motion be not steady, an approximate solution can be 
obtained when the orifice, although finite, is not large, by sup- 
posing the motion steady during any elementary interval of time, 
and taking, as in the previous case, the sum of the quantities of 
fluid passing through all the small orifices into which the whole 
aperture is divided. 
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EXAMPLES. 

1. Find the time of emptying a frustum of a paraboloid of 
revolution with its axis vertical through a small orifice in the 
centre of the base. 

2. Shew that the time in which a cone, the axis of which 
is inclined to the vertical, will be emptied through a hole at 
the vertex, is At -5- 5«, where A is the area of the surface of the 
fluid at first, k of the orifice, and t is the time of falling freely 
through the entire vertical space described by the fluid. 

3. Shew that the time of emptying a sphere is less than the 
time of emptying any spherical segment of equal capacity through 
a hole at the vertex. 

4. The side of a vessel containing fluid is a plane inclined 
to the vertical, and small orifices are made along its line of in- 
tersection with a verti6al plane at right angles to it ; prove that 
all the parabolic jets are touched by two fixed straight lines. 

5. A vessel of the form of a slender parallelopiped is filled 
with fluid, and placed upon a rough horizontal plane ; determine 
at what height a given orifice must be made in one of its vertical 
sides, in order that the issuing jet may have the greatest ten- 
dency to overthrow the vessel. 

6. In the vertical side of a vessel containing fluid an infinite 
number of small holes, bored perpendicular to the side, lie in 
a straight line inclined at an angle tan"^^ to the horizon : find 
the equation to the surface of the issuing fluid, and shew that 
any horizontal section of it is a circle. 

7. A portion of a parabola, boimded by the curve, the axis, 
and the latus rectum, revolves about the latus rectum and gene- 
rates a 8ur£au^ which is placed with its axis of revolution vertical. 
If the vessel thus formed be filled with fluid, find the time in 
which it will empty itself through a small orifice at the lowest 
point. 

8. A circular orifice is made in the horizontal base of a 
vessel containing fluid ; if the fluid in the vessel is constantly 

B. H. 20 
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kept at the same height, the descending stream is bounded by 
the surface generated by the revolution of the curve y^x = const., 
about the axis of a?. 

9. Water is flowing steadily into a large reservoir through 
a straight tube of small section, inclined at a given angle to the 
vertical ; having given the length of the tube, the depth of its 
lower extremity below the surface of the water in the reservoir, 
and the sections of both ends, find the rate at which water is 
flowing into the reservoir. 

10. A vessel containing ink has a small hole pierced in one 
side, and is placed in a vessel of water ; compare the velocity 
with which the ink will escape into the water, with that which 
it would have if it were flowing out into the air. 

11. A closed cylindrical vessel one foot in height is half 
full of water, the other half being occupied by atmospheric air ; 
if two small apertures be made, one at the base of the cylinder 
and the other five inches above it, shew tibat the density of the 

air in the vessel will decrease till it is f 1 — — ^ 1 times its original 

value approximately, and then increase again, A being the height 
of a water-barometer in feet. 

12. A vertical cylinder is supplied with fluid at the top 
and loses it by an orifice at the bottom : assuming the motion 
to be by horizontal sections, and supposing the cylinder to be 
initially empty, g the accelerating force of gravity, v the con- 
stant velocity of the entering stream, and m the ratio of its 
transverse section to that of the cylinder, find the velocity of the 
issuing stream at any time ^, and explain the result when 

9 

13. A vessel in the form of a surface of revolution, the axis 
of which is vertical, has a small orifice at its vertex, and is filled 
with fluid; determine its form in order that the quantity of fluid, 
which flows out in any time may vary as the square root of the 
time. 

14. A vertical cylindrical vessel full of fluid has a fine crack 
extending along a generating line of the cylinder ; find the time 
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of empfying a given portion of the cylinder. Examine the case 
in which the time of emptying the whole cylinder is required. 

15. A right cone is filled with fluid and placed with a gene- 
rating line horizontal, and uppermost, and a small orifice is made 
at the lowest point ; find the time in which it will be emptied. 

16. The surface of a vertical cylinder is. pierced by a series 
of small holes in the form of a helix, the highest hole being at 
the top of the cylinder, and vertically above the lowest, and no 
other two holes being in the same vertical line. Determine the 
equation to the curve traced by the issuing fluid upon the hori- 
zontal plane passing through the lowest hole, the cylinder being 
kept constantly full. 

Shew that the mean range is to the height of the cylinder as 
TT : 4, and that the area included between the base of the cylin- 
der and the curve above mentioned is 

-^(cota + -j, 

where a is the inclination of the line of holes to the horizon, and 
A the height of the cylinder.. 

17. A cubical vessel, having one side horizontal, is divided 
into two equal parts by a vertical partition, and one of the com- 
partments is filled with fluid. If a small orifice be bored through 
the partition at a distance below the surface greater than half 
the depth of fluid, find the time which elapses before the fluid 
stands at the same height in both compartments. 

18. A filament of fluid oscillates in a thin cycloidal tube of 
uniform bore, the axis of the cycloid being vertical and vertex 
downwards. Supposing the filament to be placed initially with 
its lower end at the lowest point of the tube, find the pressure at 
any point of the filament at any time. 

Shew that the pressure is a maximum, during the whole 
motion, at the middle point of the filament. 

19. A filament of fluid oscillates in a thin hypocycloidal 
tube of uniform bore under the action of a force tending to the 
centre of the fixed circle, and varying as the distance : supposing 
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the filament to be placed initially with one end at the vertex of 
the hypocjcloid, find the pressure at any point of the filament at 
any time. 

20. A small orifice of area k is opened in the base of a 
vertical cylinder initially ftdl of fluid. The fluid is forced 
through the orifice by a piston fitting the cylinder, to which is 
applied an unifomv pressure P equal in amount to n times the 
weight of the fluid which the cylinder can contain. Shew that 

— th of the fluid will be evacuated in a time expressed by . 

where h is the height of the cylinder and A the area of its trans- 
verse section. 

21. If the orifice of a conical vessel containing water be a 
section of the cone, perpendicular to its axis and at a distance 
S firom its vertex, and v be the velocity with which the water 
discharges itself, when its surface is at a distance z from the 
cone's vertex, prove that 

the axis of the vessel being vertical. 

22. Two points are connected by a tube of small uniform 
bore through which heavy fluid is flowing steadily : the axis of 
the tube being in the vertical plane through the two points and 
its length being given, find its form when the whole pressure on 
the tube is a minimum. 



CHAPTER X. 



FURTHER APPLICATIONS OP THE EQUATIONS OP MOTION. 



146. The following proof of an important theorem is taken, 
with slight variations, from a paper, by Professor Stokes, in the 
eighth volume of the Cambridge Philosophical Transactions. 

Theorem. Let the acceUraiing forces X, Y", Z^ which act on 
the Jluid, be such that Xdx + Ydy + Zdz is the exact differential 
dV of some function of the co-ordinates. Then, if for the whole, 
or a certain portion of the fluid mass, the motion is at any one 
instant such that udx + vdy + wdz is an exact differential, that 
expression vrill always he an exact differential, for the whole m,ass, 
or for the portion of fluid for which it was soatflrst. 

Suppose p a function of ^, and let 

Then the equations of fluid motion are, 

df(p) __ ^ rfw du du du 

dx dt dx dy dz ' 

^fip) ^ v — ^ ^^ ^^ 

dy dt dx dy dz 

df(p) ^ y dw dw dw dw 
dz dt dx dy dz' 

Differentiate the first of these equations with respect to y, 
and the second with respect to x, and subtract; then, putting 

D j^ d , d d d 

and observing that, since Xdx + Ydy + Zdz is an exact dif- 

* ^ , dX dY 
ferential, -^ = ;^ , 



/ 
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we obtain 



D fdu dv\ du du dv du dw 
Dt \dy dx) dy dx dy dy dy 



du dv dv dv dw dv ^ 
dx dx dx dy dx dz 

Add and subtract -7- -r- , and put 

, dw dv o " — ^^ ^^ o "' — ^^ ^^ 
"^ dy dz ^ "^ dz dx' " dx dy' 

then the above equation may be written 

Dot)'" du . dv „ fdu dv\ ,„ 

Similarly, 

D(o' ^dw „ .du , /dw du\ „ 
Dt "" dy dy \dz dx) ' 

D(o dv „ dw ,„ (dv dw^ 
= ^i— ft) +-7— ft) 



(dv dw\ , 



dt dx dx \dy 

and it will be observed that, on accoimt of the continuity of the 

du 
motion, the differential coefficients -v- cannot become in- 
finite. 

Suppose that when ^ = 0, either there is no motion, or the 
motion is such that udx + vdy + wdz is a perfect differentiaL 
This may be the case for the whole or for any portion of the 
fluid mass. 

Then initially, 

ft,'=r0, ft)"=0, ft)'"=0. 

Now let i be a superior limit to the numerical values of the 
coefficients of ft)' (o" ft)'"; then, whether m to" to" are, any or all 
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of them, subsequently positive or negative, they cannot be 
numerically greater than if they satisfy the equations, 

^ = ± i («' + 0," + «'"), 

the signs being taken + or — , according as it is conceived 
possible that, at any subsequent time, any one of the quantities 
may be positive or negative. 

In any case, add the equations together, 
then -^ = riflt, 

where !! = (»' + ©" + ©'", and r = ± 1, or ± 3 ; 

/. n = (7e-^; 

initially, 11=0, .'. (7=0, 

and ©+©' + «'" = 0, always (3). 

But we obtain, by adding or subtracting the equations 



^ Dt'^^ Dt "^ JDt ' 

±« =±ft)"= ±ft)"', (4), 

since these quantities are initially zero ; 

and, in whatever order the signs are taken, the equations (3) and 
(4) give 

ft,' = 0, a>" = 0, w" = 0. 

Hence, a fortiori, the actual values of a>', a>", ©"', must be 
equal to zero ; and therefore tidx + vdy + wdz is always, if once, 
a perfect differential. 
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147. In the paper referred to on the Friction. of Fluids 
in Motion, and also in the Camhridge and Dublin Mathematical 
Journal, Vol. III., Professor Stokes has fully discussed the 
various proofs which have been given of this theorem. 

The proof first given, by Lagrange, depends on the possi- 
bility of expanding u, v, and w in positive integral powers of t, 
for small values of t. Mr Power {Cambridge Philoscphical 
Transactions, Vol. vii. Part ill.) has extended the proof to cases 
in which w, v, and w are capable of expansion according to any 
positive powers of t. 

This proof, however, is incomplete, as it does not include 

functions, (such as t log t, e ^), which cannot be expanded in 
positive powers of t. 

It appears also that Lagrange's proof would apply to the case 
in which the variation of pressure in different directions is taken 
account of, in which case the theorem is not true, and that the 
same objection applies to Poisson's proof. 

A proof has been given by Cauchy^ apparently free from 
objection, although of considerable length, in the MSmoire sur la 
Theorie des Ondes, which appeared in the first Volume of the 
Mknoires Present^ a T Institute This proof is given in ftiU, in the 
CarrJyridge and Dublin Mathematical Journal, Vol. ill. p. 210. 



Physical Interpretation, 

148. The cases in which udx-\- vdy + wdz is or is not a per- 
fect differential, represent states of motion of distinctly different 
characters, as the following article, also taken from the paper of 
Professor Stokes, will shew. 

Conceive an indefinitely small element of a fluid in motion to 
become suddenly solidified, and the fluid about it to be suddenly 
destroyed; let the form of the element be so taken that the 
resulting solid shall be that which is the simplest with respect to 
rotatory motion, namely, that which has its three principal 
moments about axes passing through the centre of gravity equal 
to each other, and therefore every axis passing through that 
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point a principal axis, and consider the linear and angular mo- 
tions of the element immediately after solidification. 

Bj the instantaneous solidification velocities will be suddenly 
generated or destroyed in the different portions of the element, 
and a set of impulsive forces will be called into action. Let 
X, y, zhe the co-ordinates of the centre of gravity G of the ele- 
ment at the instant of solidification, x-\-x, y-hy, z + z those 
of any other point in it. 

Let tt, V, te? be the velocities of G along the three axes just 
before solidification, t*', v\ w the relative velocities of the point 
whose relative co-ordinates are x\ y\ z\ 

Let ii, 17, t^ be the velocities of G, u^, v^, w, the relative velo- 
cities of the point {xyz')^ and o)', cd", m" the angular velocities 
just after solidification. 

Since all the impulsive forces are internal. 

Also, by the conservation of angular momentum, 
2m [y[w^ — w) — z {v^ — v/)} = 0, &c. 

m denoting an element of the mass considered. 
Jiut tt^ = ft) 2 — ft) y , 

and similar expressions hold good for the other quantities. 
Substituting in the above equations, and observing that 
S (my'z) =0, 2 [mz'x) = 0, 2 {mxy) = 0, and 
2 {mx"^ = 2 (my") = 2 {rnz^), we have 

"^ dy dz^ dz dx^ ^ dx dy* 

We see then that an indefinitely small element of the fluid, 
of which the three principal moments about the centre of gravity 
are equal, if suddenly solidified and detached from the rest of the 
fluid, will begin to move with a motion simply of translation, 
which may however vanish, or a motion of translation combined 

B. H. 21 
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with one of rotation, according as udx + vdy + tcclz is or is not an 
exact differential. 

149. Lines of motion. The direction of the motion of the 
fluid particle at the point x, y, z is defined by the quantities 
w, i?, Wy expressing the velocities at that point, and therefore the 
differential equations of the lines of motion are 

dx _dy __dz 
u V w ^ 

and it is obvious that these lines intersect at right angles the 
surfaces of which the differential equation is 

vdx + 'ody -h wdz = 0. 

Consider, as a particular case, the steady motion of an tncom* 
pressibU fluid in two dtmensionSy when udx + ^y is a perfect 
differential. 

From the given condition, we have 

du _^dv . . 

d^'d^ w. 

and, from the equation of continuity, 

du d'o ^ 

^+^=^ w. 

The differential equation of the lines of motion is 

vdx — udy = 0, 
which, by the equation (^), is a perfect differential. 

Let P= (7 be the integral, that is, 
let .. = ^, and-.t. = ^, 

.-. from (a), ^-h^=0 (7), 

an equation which P must satisfy. 
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If a possible value of P be found, and the values of u and v 
be obtained, the pressure is given by the equation, 

p 2^ ' 

where G is constant along any particular line of motion. 

Suppose, if possible, that the lines of motion are similar 
hyperbolas, given by the equation 

then we must have, from (7), 

a» V" " ^' 
and the hyperbolas must be equilateral. 
Taking then P= fi {a? —y^), we have 

u = 2fiy, V = 2fix, 

and therefore the velocity \/(w* 4- 1?*) varies as the distance from 
the origin. 

The general integral of the equation (7), is 
and it is obvious, by taking 

that /A (a?— y*) is a particular form of the integral. 

150. If the motion of the fluid particles in one plane be 
symmetrical with regard to a centre, the equation of continuity 
can be at once integrated, when the fluid is inelastic. 

The lines of motion are radii from the centre, and the 
velocity ( F) is a function of r ; we have then 

r r 
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du _ X dV dr V Vx dr 
dx r dr dx r r* dx 

^dV^ F_PV 
dr r* r r' ' 

du^dJ^y^ V_Vy^ 
dy dr r* r r* ' 

and the equation of continuity is 

^+1=0, or#(rr)=0. 
dr r dr^ ' 

Hence we obtain 

and therefore, at any given time, the velocity is inversely pro- 
portional to the distance. 

If the motion be steady, f{i) is constant. 

151. Prop. The fluid being incompressible, and its motion 
symmetrical, in all directions, with regard to a centre, it is required 
to find the integral of the equation of continuity. 

The velocity is a function of the time and of the distance 
from the centre: hence taking Fas the velocity at {x,y, z), 

n^V-, v^V^, w=r-, 
r r r 

where r^ = a? + y^ ■{■ z*; 

and the equation of continuity is 

du dv dw 
dx dy dz~^ ' 

^ du dVa? V ^^x^ 

Now ^ j^ v-^, 

dx dr r r r 

dy dr r^ r r" 

dz dr r* r r" 
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therefore the equation of continuity becomes 

dV %v^^ 

dr dr ' 

|(r'F)=0, 

and therefore r^V=f{t). 

This equation expresses that the quantity of fluid which 
during a small interval of time, at a given epoch, flows across a 
spherical surface, is the same whatever be the radius ; an obvious 
condition of the continuity of the motion. 

152. If the fluid be compressible, or heterogeneous, and the 
motion symmetrical about a centre, the equation of continuity, 
since 

dp ^dpx dp _^dpy ^ dp _^dp z 
dx dr r'* dy dr r^ dz dr r^ 

becomes 

This may be obtained from the form in Art. (123), by observ- 
ing that k is explicitly a function of 8 onh/j that is, of r, and 
varies as r^. 

153. A vessel containing liquid moves vertically upwards 
with an uniform acceleration; required to find the pressure at any 
point. 

The vessel may be supposed to be raised by a string passing 
over a pulley, and having at its other end a weight greater than 
the weight of the vessel of fluid. 

Let /be the upward acceleration, and therefore mf the efiec- 
tive force on a particle m of fluid. 

Measuring z downwards, and reversing the effective forces, 

and P=G^p{g-^f)^' 

Let the pressure at the free surface be supposed constant and 
be represented by II; then, if z\ and z' -\'X, be the vertical 
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« 

distances from the origin of the free surface and of any other 
horizontal plane in the fluid, 

l>=-G + p{ff+f){z' + x), 
and therefore P^ piff +/) oc+U, 

This result might also have been obtained by arguing that 
the resultant fluid pressure on any portion, elementary or finite, 
of the fluid, produces, in combination with the force of gravity, 
an upward acceleration /, and therefore that forces mfy acting 
vertically downwards, would produce the same pressure at any 
point of the fluid, supposed at rest. By such reasoning the 
problem is at once, apparently without the intervention of 
D'Alembert's principle, plaxjed in the domain of Hydrostatics, 
and, taking axes fixed relative to the fluid, the equilibrium 
equation becomes applicable, and leads to the value of p just 
obtained. 

The reasoning of Art. (28), in which the equilibrium of a 
revolving fluid is discussed, is of the same kind, and it must be 
noticed that in each case an assumption is made, which is really 
equivalent to the application of D' Alembert's principle, although 
for these cases the enimciation of the principle in its most general 
form is imnecessary. It is in fact assumed implicitly, that, when 
there is no relative displacement of the fluid particles, the mole- 
cular actions are the same as if the fluid were at rest in the same 
form, or that, if it be conceived possible that the motion would 
call into play additional molecular actions, no alteration is pro- 
duced in the pressure by such actions, and the pressure conse- 
quently depends on the force of gravity and the hypothetical 
forces mf in the present case, and, in the case of Art. (28), on 
the hypothetical forces mco^r in combination with the force 
of gravity. 

154. A vessel containing incompressible fluid moves vertically 
upwards with a given acceleration, and the fiuid rotqtes uniformly 
about a vertical aocis; it is required to find the pressure at any 
point. 

Let / be the acceleration and ct> the angular velocity ; then, 
by the preceding article, and by Art. (28), we may suppose the 
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fluid at rest and maintained in its state of relative equilibrium 
by the action of gravity, of the forces mf downwards, and of the 
forces wa)V perpendicular to the axis of rotation. 

Taking this axis as the axis of «, we have 

dp^p{tif {xd^ + ydy) - {g +f) dz\, 

ft)* 
and therefore p-\- C? = p-r-(a?'+y') — ^(^r-f/) z^ 

the constant being determined by the particular circumstances of 
the case. 

155. Pkop. To find the rate of efflux through a small 
orifice in the base of a vessel in motion, as in Art. (153). 

If the orifice be very small compared with the upper surface 
of the fluid, we may suppose during any small time that the 
motion is relatively steady, and therefore that the motion of the 
fluid would be the same as in a vessel at rest, if the quantity g 
be replaced by g +f 

We thus obtain, if A be depth of the orifice, and v the velocity 
of efflux, relative to the vessel, 

^" = 2(^+/)A. 

Or we may reason as follows : 

The equation of motion, measuring z downwards, is 

±^gdz-^^ds, 
p ^ dt ' 

' if we take u as the actual velocity at any point of the fluid. 

Let V be the velocity, relative to the vessel, at the point ; 
then t? is a function of s only, and 

^dz 
u-v-fi^ 

if the vessel be supposed to have started from rest ; 

d [u) _ dv j.dz 
dt "" ds '' ds^ 



9 



ds 
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and l+C={ff+f)z-^v\ 

r 

Let z* be the depth of the upper surface ; 
therefore 1 n + =(</+/)«'- i F», 

ln+c=(^+/)(«'+A)-j»', 

r 

t; and V being the velocities at the orifice and at the upper 
surface, and, neglecting F*, we get the same result as before. 

If the vessel be made to ascend with the acceleration f^ the 
quantity of fluid which issues through the orifice in a given time 
can be approximately determined as in Art. 129. If, however, 
the vessel be raised by a string passing over pullies, and sup- 
porting a given weight, we must observe that the acceleration 
decreases as the quantity of fluid in the vessel is diminished. 

In the latter case, let W be the given weight, and W the 
weight of the vessel and fluid together; also let U be the 
quantity of fluid lost in the time <, and X the area of the surface 
at the end of the same time. 

We have therefore, measuring a?, the height of the surface, 
from the orifice, 

dU= — Xdx, 
and the weight of the fluid and vessel together at the time t, 

= W'^ fpdU= W + pfXdx ; 

but dU= kvdt, if x be the area of the orifice, 
and the acceleration = g . ^^W' + pli^ ' 

Hence, - ^<^ = 2^ VO/a.) ( ^^ ^!^ ^^^ J . ^ 
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from which the relation between x and t can be found if X be 
known in terms of x, 

156. In the side of a vessel contairving fluid which rotates 
uniformly about a vertical axis, a small aperture is made; re- 
quired to find the velocity of efflux. 

Assuming that the motion is steady, let u be the velocity at 
any point relative to the fluid, that is, that part of the velocity 
which does not depend upon the rotation ; then the equation of 
steady motion is 

9 ^ 

neglecting the motion at the upper surface, we have 

n 1 

j^C- ^pti?r'-gz, 

as the equation to that surface, and, if r' z' be co-ordinates of 
a point in the orifice, we have, at the orifice, 

and — = (7— -p^r^ — gz, at the surface, 

and therefore, '& = 2g {z — z), 
an equation which determines the velocity at the orifice. 

157. A closed vessel, the interior surface of which is spherical, 
is filled with heavy inelastic fluid, and the vessel is moved in any 
way; it is required to find, at any instant, the surfaces of equal 
pressure. 

Supposing the surface smooth and the fluid initially at rest, 
it is clear that no rotation" can be caused in the fluid, and 
therefore that the actual motion of every particle of the fluid 
will be the same as that of the centre of the sphere. At any 
given instant, let / be the acceleration, in a known direction, of 
the centre of the sphere ; then, by D'Alembert's principle, the 
fluid may be supposed at rest under the action of gi-avity and the 
B. H. 22 
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reversed forces mf^ and, since the resultant of the acceleration g^ 
and the reversed acceleration f^ is the same, both in magnitude 
and direction, for all particles of the fluid, it follows that the 
surfaces of equal pressure are, at the given instant, planes per- 
pendicular to the direction of that resultant. 

158. An infinite mass of homogeneous incompressible fluid 
acted upon hy no forces is at rest, and a spherical portion of the 
fluid is suddenly annihilated; it is required to find the instan- 
taneous alteration of pressure at any point of the mass, and the 
time in which the cavity will he filled up, the pressure at an 
infinite distance being supposed to remain constant. 

Assuming that the motion of the fluid is symmetrical with 
regard to the centre of the spherical space, the equation of con- 
tinuity gives the relation, 

r^V=F{t), 
between the distance from the centre, and the velocity at that 
distance. 

Taking V=--j- , we obtain 

<l>=f{t)-lF(t); 

but, initially, V= for all values of r ; 

.-. F{0) =0, and the initial value of <f> is yjt (0). 

From the equation of motion, 
we have 

Let «r be the pressure at an infinite distance, then since 
when r = QO , F«= o, 

p p 2 r 
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K a be the radius of the spherical portion of fluid anni- 
hilated ; then, initially, when r = «, F= 0, and^ = ; 

^ ^ r (0) 
p a 

and, at a distance r, the initial value of p is 

At the time ^, let r be the radius of the free surface, which 
is assumed to be spherical ; 

hence. o = ^ -i r« + :^^ (a), 

but, from the equation F{t) =j^V, 

observing that F= -j . 

Substituting in the equation (a), 

dV 3 _• tsr 



and, integrating, 



^^^■^i^^+7='' 



r»F» = | ^(a'-A 
3 p 



or 






Hence, the time in which the cavity will be filled up is given 
by the equation, 






which, by putting r = as^, may be written 



Henate-Home Problems, 1847. 
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EXAMPLES. 

1. A mass of fluid moves in such a way^ that each particle 
describes a circle in one plane about a fixed axis, shew that the 
equation of continuity is 

dp d[p<o) __ 
dt^ de ""^' 

where w is the angular velocity of a particle whose vectorial angle, 
measured from a line in the plane of its motion through the 
fixed axis, is ^ at the time t. 

2. A mass of fluid is in motion so that each particle moves 
in a cylinder about a fixed axis ; find the equation of continuity. 

3. Steam is rushing from a boiler through a conical pipe, 
the diameters of the extremities of which are D and d respec- 
tively ; if V and v be the corresponding velocities of the steam, 
shew that 

where k is the pressure divided by the density, and supposed 
constant. The motion may be supposed to be that of fluid 
diverging from a centre, the centre being the vertex of the cone 
of which the pipe forms a portion. 

4. Each particle of a mass of incompressible fluid moves in 
a plane through the axis of z ; find the equation of continuity. 

5. If r, 6, be the polar co-ordinates of a point at which the 
density is /», and w, v, the velocities along, and perpendicular to 
the radius vector, shew that the equation of continuity for mo- 
tion in one plane, is 

djpru) d{pu) dp 

"W^ de '^'^di'^^' 

6. Two vessels, containing homogeneous incompressible 
fluids, acted on by no forces, but subject to a given external 
pressure, are connected by a cylindrical tube of small bore. A 
portion of the fluid in the tube being supposed to be suddenly 
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annihilated, determine the instantaneous change of pressure, and 
the subsequent motion in the tube. 

7. In the case of the steady motion of an incompressible 
fluid in one plane, shew that a system of parabolas, having a 
common focus and coincident axes, is a possible system of lines 
of motion. Shew that the velocity at any point varies inversely 
as the square root of the focal distance. 

8. An uniform semicircular tube stands in a vertical plane 
with its open ends resting in a vessel of fluid. One-third of its 
length is occupied with air, and the remainder with the fluid. 
Find the time of a small vibration caused by an instantaneous 
increase of the pressure of the fluid, considering the density of 
the air in the tube at any time to be uniform. 

9. A closed vessel, filled with elastic fluid, is moved, in a 
vertical direction, with a given acceleration ; find what the law 
of the density must be in order that the fluid particles may be, 
relatively to each other, at rest. 

10. The bob of a pendulum is a hollow sphere which is 
filled with fluid; find the surfaces of equal pressure for any 
position of the pendulum. 

11. A closed vessel is filled with water containing in it a 
piece of cork which is free to move ; if the vessel be suddenly 
moved forwards by a blow, shew that the cork will shoot for- 
wards relatively to the water. 

12. A closed vessel is filled with water which is at rest, and 
the vessel is then moved in any manner ; apply the principle of 
the conservation of areas to prove that, if the vessel have any 
motion of rotation, no finite portion of the water can remain at 
rest relatively to the vessel. 

13. A swollen river flows through two bridges, first through 
A, then through B, the breadth of its channel being considerably 
narrower at each bridge than between them, where the section of 
the trough of the river is a constant rectangle ; the river is at its 
greatest height so that the motion may be considered steady : 
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consider (i) the effect of the variation of the normal section on 
the velocity of the main current, (ii) the corresponding variation 
of the pressure. 

(iii) Shew that the surface of the fluid in motion will not 
be horizontal, (iv) that there will be parts of the fluid (7, G near 
the banks between A and B which have no velocity parallel to 
AB^ and that there will be side currents from 6\ C towards -4, 
as well as towards B, 

14. Two rigid laminae, in one of which is a small circular 
aperture, are placed very near to each other with their planes 
parallel. Supposing air to Ue rushing through the aperture, 
shew that the differential equation of its motion is 

d^v _ (d^v . 1 ^ _ V \ ^ (d.v^ 2 dv\ 
d?^''[d?'^r dr '?) dr[dt'^^dr)' 

15. A mass of homogeneous incompressible fluid, moving in 
a straight tube of uniform bore under the action of no forces, 
meets a piston which, by compressing a spring, gradually reduces 
the fluid to rest : if ^ be the pressure (on a unit of area) at any 
point of the fluid, whose distance, from the extremity {E) not in 
contact with the piston, is x ; shew that, at any time t, 

P 

J>=yX, 

V being the volume of the fluid, and P the pressure exercised by 
the piston, at the time t, upon the extremity {E') of the fluid 
in contact with it. 

It has been asserted that, when an incompressible fluid mass, 
moving in a tube, is suddenly reduced to rest by an impulsive 
force, the pressure caused by the impulse is the same at every 
point of the fluid : prove that this is not true. 

16. In the preceding problem, if the bore of the tube be 
variable and small, shew that 

p Kf:xdx ' 
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where k is the area of the piston, -y the area of the section of the 
tube at the distance x from (^), and u the distance of E' from E. 

17. A homogeneous fluid is contained between two con- 
centric spherical surfaces, the radius of the inner being a and 
that of the outer indefinitely great. The fluid is attracted to 
the centre of these surfaces by a force <^ (r), and a constant 
pressure 11 is exerted at the outer surface. 

Suppose /^ (r) dr = '\jt (r), and that yjt (r) vanishes when r is 
infinite. Shew that if the inner surface is suddenly removed, 
the pressure at the distance r is suddenly diminished by 

r r ^ 

Find <l> (r) so that the pressure^ immediately after the inner 
surface is removed may be the same as it would be if no 
attractive force existed. Also with this value of ^(r), find the 
velocity of the inner boundary of the fluid at any period of the 
motion. 



/ 



CHAPTER XI. 

RESISTANCES. 



159. When a solid body is dragged through water at rest, 
or is held at rest immersed in a stream, a certain force must be 
exerted in order to produce the motion in the former case, or to 
maintain the equilibrium in the latter. This force measures the 
resistance of the fluid. 

These two cases may be looked upon as the same, for if we 
impress on the body at rest and the stream a velocity equal and 
opposite to that of the stream, the second case is reduced to the 
first ; and in general the resistance of a fluid on a solid within it 
will depend on the relative velocity of the fluid and the solid. 

The ordinary theory of resistances is given in the following 
article. 

160. Prop. A plane lamina is immersed in a stream, per- 
pendicular to the direction of its motion; it is required to find the 
pressure on the lamina. 

Suppose the motion of the fluid steady, and let mf'{s) be the 
force acting on a particle m of fluid, s being measured along a 
line of motion. We have then from Art. 127, the relation 

between the pressure and the velocity at any point. 

Now at a certain distance from the plane, and beyond it, 
we may suppose that the pressure and velocity are not affected 
by the presence of the plane in the fluid. If u be the velocity 
and p the pressure at some point beyond this distance, at which 
s = a, we have 

At the plane let 5 = 0, and assume that the velocities of the 
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particles of fluid in immediate contact with the plane are de- 
stroyed ; then, if «r' be the pressure at a point of the plane, 

H' =/(o) + c, 

H 

and .•.^li:£'=/(o) -/(a) + !«'«. 

If we consider the motion of the fluid before the immersion 
of the lamina, and take m and u for the pressure and Telocity at 
the same point, we have 

^=/(0)-i«'+Cr, 

and ^ =/(0) -/(a) - ^ «' + 1 «". 

Hence «•' — tir = - /cm*, and this is the difference of the fluid 

pressures before and after the immersion of the lamina. The usual 
theory of resistances assumes that the pressure at the opposite 
side of the lamina is the same as if the lamina were not im- 
mersed, and therefore, if the velocities at all points of the position 
occupied by the lamina be the same before its immersion, the 

. . 1 

resistance upon it is - fm^ (area of lamina). 

161. A stream flows ohliqaely against a plane; it ts required 
to find the impelling force on the plane. 

Taking the velocities at all points of the stream the same, it 
may be assumed that no change will b^ produced in the pressure 
by moving the plane perpendicularly to the direction of the 
stream. The resistance therefore depends upon the velocity of 
the stream resolved in the direction perpendicular to the plane. 

Hence if u be the velocity, and 6 the angle between the 
direction of the stream and the normal to the plane, the resultant 
pressure on the lamina, normal to its plane, 

= -/cpw'co8'd, 

where k is the area of the lamina. 

B, H. 23 
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The pressures on the lamina, parallel and perpendicular to 
the stream, are respectively 

-Kpu^coB^O, and - Kpu^ sin Ocos^O. 

If in either of the preceding cases the lamina have any mo- 
tion in the direction of, or opposite to, the motion of the stream, 
it must be remembered that the resistance is normal to the 
plane, and depends on the relative normal velocity of the stream 
and the plane. If v be this relative velocity the resistance 

1 , 
= 2 P^*^' 



162. A cylindrical surface^ hounded hy planes parallel and 
perpendicular to its generating line, is immersed in a stream flow- 
ing in a direction perpendicular to the generating lines ; it is 
required to find the impelling force of the stream on the surfo/ce. 




Let OPQ be a section by a plane perpendicular to the gene- 
rating lines, being the point at which the tangent is perpen- 
dicular to the direction. Ox, of the stream. 

Take ^ as the angle which the normal PO makes with Ox, 
or the tangent PT with Oy, and let PQ = &, and h = the height 
of the cylinder. 

The force on PQ in direction PO ^-phtf cos*^S^, and there- 
fore the resultant force in the direction Ox 



= - phu^ I cos' if>d8y 
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and in the direction Oy the force 

= - ph^ I cos* ^ sin ^e&. 

o/u doc 

If (a?, y) be the co-ordinates of P, cos ^ = -r^ , sin ^ = -j- , and 

the forces in directions Ox^ Oy, are respectively 

The limits of integration are obtained by drawing tangents 
parallel to Ox, or, if the curvature be not continued, by drawing 
lines parallel to Ox through the points of the curve farthest 
from Ox. 

K the intrinsic equation to the curve, $=f(<l>), be given, the 
expressions take the forms 

IT IT 

- phu* I cos' <!>/' {<!>) d<f>, - phu^ I cos* <f> sin <f>f' {<f>) d<f>. 



2 



Ex. 1. Suppose the surface that of a circular cylinder. 

Then «*= 2aaj — a?" and —^ = , if a be the radius; 

^ as a ^ ' 

2 

and the force of the stream = - phau\ 

o 

Ex. 2. Suppose the curve a parabola boimded by a double 
ordinate, the axis of the curve being in the direction of the 
stream. 

Ihe mtnnsic equation is ^7 = — rr » 

^ a<l> cos'^ 

1 f^ 

and the force parallel to a? = - phu^ I 2ad<l> = 2phau*fij 

fi being the angle between the tangent at the extremity of the 
ordinate and the tangent at the vertex. 
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163. A solid is generated by the revolution of a curve round 
an aocts Ox ; it is required to find the impelling force on the solid 
of a stremn flowing in the direction Ox. 

In the figure of the preceding article, let OPQ be the gene- 
rating curve ; then 2iryhs is the surface generated by PQy and 
the resultant force upon this element is evidently in the direc- 
tion Ox J and 

= - /M«' I cos'^2Tr yds 

= irpu* j y cos'«^ = vpu^l y \-^ dy, 

c beipg the extreme value of y. 

Jf, for instance, the solid be a sphere, this ei^pression 

=. Trpw' j y^^^^dy = j TrpaV. 

164. Resistance on a surface of any form. 

Take the axis of x parallel to the direction of the stream, and 
let ?, 7n, n, be the direction cosines of the normal at any point 
(aj, y, z) of the surface, and i>S an element of the surface about 
the point. 

The normal resistaQce on S8=^pPu^^S, and therefore the 
whole resistance parallel to ^ = ^pw^ I ll^dS. 

iff{x, y,z) — be the equation to the surface ; 

dydz 



.•. the resistance parallel 



"'"'"''kHiutr 



and similar expressions can be found for the resistances in the 
directions of y and z. 
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The limits of integration are defined by the trace on the 
plane yz of the cylinder, having its axis parallel to the axis of a?, 
which envelops the surface, 

165. A heavy sphere descends vertically in a fluid; it is 
required to determine its motion. 

K a be the radius of the sphere, p and a the densities of the 
fluid and the sphere, and v its velocity after having descended 
through a space a?, the equation of motion is 

4 8 ^«? 4 8 / \ 1 as 

3'r<rat;^ = -7ra5r(<r-/>)-j7r/)aV; 

or, -7— 4- ~ tl _ - 2n. c 

' dx S <r a ^ a ' 

a linear equation, from which we obtain 

if the sphere have no initial velocity. 

As X increases, v approximates to a terminal value, 

v/(^ ^^) • 

It thus appears that, if a be very small, v is very small, and 
moreover that after a short descent the difference between the 
actual velocity and the terminal velocity becomes insensible. 

Suppose that the sphere is of lead, and that its radius is 
th of an inch; the specific gravity of lead is 11.4, and it 



100 

will be found that the terminal velocity given by the formula is 

about 15 inches per second. Also, trying 6 inches for a?, the 

expression € ® ^^ * = e"^ approximately, and therefore the ter-* 
minal velocity is, at this depth, sensibly attained. 

If the falling particle be imagined smaller, and the difference 
between p and or be less than in the case we have tried, it is clear 
that the theoretical velocity will be very much diminished ; and it 
should be noticed that in such cases the effect of fluid friction 
will become of great importance, and will materially diminish 
the velocity calculated from the preceding theory. 
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These results are illustrated by the well-known fact that 
minute particles of any kind subside in water with extreme 
slowness; for instance, the emery-powder i^d m polishing glass 
will sometimes take more than an hour to sink one foot. 

Distribution of sediment in the sea. We can thus account 
for the great distances to which fine sand and mud are carried 
out into the sea by rivers and ocean currents, and for the even- 
ness with which such sediment is deposited. In currents flow- 
ing at the rate of three or four miles an hour, small particles, 
sinking at the rate of two or three feet per second, may be carried 
out to distances exceeding a thousand miles, before they attain a 
depth of 800 feet, and it is easy to imagine the transportation of 
finer sediment over still greater distances*. 

166. An air-hvibhle ascends in fluid ^ it is required to deter^ 
mine its motion. 

The air-bubble as it ascends will expand; we shall suppose it 
always spherical and its size in any position determined by the 
pressure of the fluid around it, considered statically. 

Let X be the height through which the bubble has ascended 
at any time and v its velocity, c its initial radius, and r its radius 
at the height x. 

Then iiffph be the initial pressure of the air and therefore of 
the fluid at its initial position, the pressure at the height x 



h 



and, by Marriotte's Law, -§ = 7 — 

ah — 



Also if cr' be the initial density and a the density at the 
height a?, ' 

a- G^ h-^x 



(J- T 



the equation of motion is therefore 



dv p-^tT Z pv 
dx ^ a 16 o- r ' 

* Lyell's Principles of Geology, Chap. xxi. 
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du 






\P h 

Iff' A — a! 



-1 



an eqaatioQ from which v is to be deteimined. 

167. The preceding theory is confessedly imperfect, and, in 
fact, the reeults obtained from it are altogether discordant with 
the results of direct experiment. The following considerations 
may assist in shewing why this discord is to be anticipated. , 

Supposing, for simplicity, that no forces act on the fluid, the 
eqoatiou of steady motion gives 

p 2^ I- 

where p' and w' are the pressure and velocity at some known 
point, and p and m at any other point. 

It appears &om this equation that p depends on the velocity 
u and not on the direction of motion. 




Suppose the stream to flow against a solid SO in the direc- 
tion AB; the stream near AB will have its course diverted, and 
will flow in curved lines, FQ, &c., leaving a portion ABB at 
rest in contact with the surface, and these lines will be more 
nearly rectilinear and parallel to AB, the greater their distance 
from AB. 

For the portion of surface £D, the pressure is therefore given 
by^=y + SP*''*. l*itj fo' the portion of sur&ce beyond the point 
D, it cannot be assumed that the fluid is at rest, and the velocity 
along the tangential line of motion ought therefore to be cal- 
culated in order to And tlie pressure. 
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Moreover the pressure at the end will probably be affected 
by the change of yelocitjr of the fluid near the surface, and this 
has been entirely neglected : it is indeed possible that the in- 
crease of pressure at the end (7, caused by the diminution of 
velocity, may counterbalance or even overcome the increased 
pressure at the end J?, as in the experiment of Hachette referred 
to in Art. 142. An additional consideration is the effect of fluid 
friction, which may in such cases rise to importance. It appears 
from experiment that the tangential force varies nearly as the 
square of the velocity with which the fluid flows past the surface 
of a solid, when the velocity is not very small*. 
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1. Compare the resistances on a sphere, and on a circular 
plate of the same radius immersed perpendicularly to the direc- 
tion of a stream. 

2. A solid cone moves in a fluid at rest in the direction of 
its axis, first with its vertex and secondly with its base foremost ; 
compare the resistances in the two cases. 

3. Find the resistance to a cycloidal lamina of given thick- 
ness moving in a fluid in the direction of its axis. Also find the 
resistance when the cycloid moves in the direction of its base. 

4. A plane is moveable at right angles, to a stream, the 
direction of which makes an angle a with the normal, and the 
force required to retain it at a constant velocity v in one direction 
is 4 times that required in the opposite direction. Shew that the 
velocity of the stream is 3t?tana, or Jvtana, according as the 
forces in the two cases are in the same or in apposite direc- 
tions. 

5. The resistance on a cube moving in a fluid in the direc- 
tion of its diagonal is to the resistance on the same cube moving 
perpendicular to its side :: 1 : V^. 

6. Given the base and height of the firustum of a cone 
moving through a fluid, find for what angle of the cone the 
resistance is a minimum. 

* Professor Stokes, On Fluid Friction. , 
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7. A solid formed by the revolution of a cycloid about its 
axis, moves in a fluid in direction of the axis ; find the resistance 
of the fluid. 

8. The curve r = a (1 + cos 0) revolves round its axis and 
thus generates a solid of revolution. Find the resistance on this 
solid when it moves in a fluid, the direction of the motion of 
every point of the solid being parallel to the axis of revolution. 

9. A cylinder on a circular base is cut by a plane parallel to 
its axis and bisecting its base : if the part cut off move hori* 
zontally through a fluid with its base and ends vertical, it will 
experience the same resistance, as would be exerted on an isosceles 
prism on the same base and with its equal sides inclined to one 
another at 120°, moving in the same manner. 

10. Find the form of a solid of revolution, having a given 
circular base and a given height, such that the resistance upon it, 
when in motion through a fluid, in direction of its axis, may be a 
minimum. 



B. H. 24 



CHAPTEK XII. 



THEORY OF SOUND. 



168. The theory of sound is included in the theory of the 
small oscillations of elastic fluids ; that this is the case is evident 
from the consideration of a few experimental facts. 

In the first place, the effect on the organs of the ear, called 
sound, is not produced unless there is an atmospheric communica- 
tion between the ear and Ihe disturbance causing the sound ; if a 
bell is placed under a receiver, and the receiver exhausted as 
nearly as possible, the striking of the bell is not heard at all ; 
moreover if the bell be struck during the process of exhaustion, 
the sound becomes gradually more faint as the exhaustion pro- 
ceeds : it is evident therefore that the intensity of sound depends 
upon the density of the air, and diminishes with the diminution 
of that density. 

169. That there is an actual motion of the atmosphere is 
shewn by the mechanical action which can sometimes be observ- 
ed ; for instance, glass windows are shaken by the firing of can- 
non, and, when the distance is small, are sometimes broken*; and 
similar effects may be produced by the sounds of an organ. It is 
well known that a musical note, sounded on any instrument, may 
produce a vibration, in unison with it, in some other body with 
which the instrument is not in contact ; the human voice will, for 
example, set in motion a pianoforte wire, if the note sounded be 
in unison with the fundamental note of the wire, and this, it is 
evident, can only be effected by the transmission through the air 
of a mechanical action. Again, it is observed that, when sounds 
are heard through an atmosphere loaded with particles of dust, 
there is no sensible motion of the particles ; and, in general, that 
sound is not necessarily accompanied by wind, imless the observer 

• Windows have been broken at a distance of three or four hundred yards. 
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be near the origin of the sound : it follows from facts of this 
kind that sound is caused by amall motions of the aerial fluid. 

The Velocity of Sound. 

170. It is a matter of very ordinary observation, that sound 
requires time for its propagation ; a person standing near a cannon 
when it is fired, will hear the report almost at the same instant 
that the flash is visible to him ; if, however, the cannon is at a 
distance, there will be a sensible interval between his perception 
of the flash and the report, and this interval increases with the 
distance. 

It has been observed, moreover, that the velocity of sound is 
increased when the temperature is raised. 

A great number of experiments have been made with the 
view of determining the velocity of sound, but from the various 
circumstances which affect its propagation, there are considerable 
discrepancies in the results obtained; Sir John Herschel con- 
siders that in dry air, at freezing temperature, the best approxi- 
mation to the velocity of sound is about 1089 feet per second. 

From experiments made by Arago and others in 1822, the 
velocity of sound when the barometer was at 29.8 inches, and the 
thermometer at 61®, was found to be 1118.4 feet per second. 

171- Sounds of differeni pitch and intensity travel with the 
same velocity. 

When a musical band is heard at a distance the harmony is 
unaffected, .and it is therefore dear that there is no sensible dif- 
ference in the periods of time required for the transit of the vari- 
ous notes produced at the same instant This inference, however, 
can only be drawn for the limits of distance within which it is 
possible to hear the band at all ; and it does not appear that 
direct experiments have been made for a greater distance than 
951 metres, or about 1040 yards*. 

* For an moconnt of these Tarions experiments, see Hersohers Sound, JEneyc, 
Mehrop, A piece of eTidenoe may here be giren, with reference to Art. (171) 
On a fine and stiU eTenlng of Jnne» 1858, t)ie Ifitaiah was performed in a tent, and 
the Halleli^ab Chorus was distinotly heard, without loss of harmony, at a distanee of 
two mites. 
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172. As it is through the air that sound is transmitted to 
the senses, the especial problem which o£fers itself, is the discus-^ 
sion, under various conditions, of the small vibrations of the 
aerial particles, but for a fiill consideration of the question, the 
laws of vibration of strings, of elastic rods and plates, of stretched 
surfaces, and of elastic solids require to be investigated. . 

These latter give rise to vibrations of the air, and the deter- 
mination of the van us modes in which their vibrations take 
place, forms, properly speaking, a part of the general question. 

The investigation of the oscillatory movements of a solid body 
gives rise to equations of considerable complexity, and moreover 
the most important cases, those of musical sounds, depend in 
general upon the vibrations of strings, or rods, or of the air in 
cylindrical tubes ; to these cases our attention will be confined. 

Effect of Condensation on Temperctture. 

173. It is a well known fact that heat is produced by the 
sudden compression of air, and that, on the other hand, heat is 
lost by its sudden rarefaction ; it follows therefore, in the small 
vibrations producing sound, in which the compressions and rare^ 
factions take place very rapidly, that the air is rendered more 
elastic or less elastic, in a greater degree than is given by 
Marriotte's law. 

These condensations being very, small, we may consider 
without sensible error that the sudden changes of temperature 
are proportional to the condensations, a rarefaction being treated 
as a negative condensation. 

If then a small portion of fluid, the density' of which is D, be 
suddenly compressed so that its density is D (l+s), s being a 
small quantity, the sudden change of temperature may be taken 
proportional to s and equal to 7«,* and the new pressure 

= I) (l + s) (1 + a7«) = i> {1 + (07+ 1) s], 
neglecting the square of «, = i> (1 + /S^), if )8 = 07 + 1. 

174. Prop. A hollow cylinder of indefinite length is filled 
with homogeneous air, a portion of which is disturbed in such a 
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Tnanner that all the particles in any section, perpendicular to the 
axis, are under the same initial circumstances of displacement ; it 
is required to determine the resulting motion. 

Let a be the density of the air when undisturbed and ka its 
pressure. At the time t and at distance x measured parallel to 
the axis, let u be the velocity, p the pressure, and p the 
density, 

* Neglecting the action of gravity and supposing the surface of 
the cylinder perfectly smooth, the equation of motion is 



^p=p[-^ti^' 



Du 

jr- being the rate of change in the velocity of the particles of 

fluid, which at the time t, are at a distance x from the origin. 

' T» i. -Ow du ^ du . A _x * ^ /. 

But -y^ = -77 + «*-r ) as m Art, 116, 

Dt dt ax 

observing that -^ ht is the change of velocity at the dis- 

du 
tance x during the time ht, j- Bx is the diflference of velocities 

of the strata x and x + Bx, at the same instant of time, and if 
&IJ = uBt, the sum of these two is the total change in the velocity 
of the particle referred to; 



, ( du 



du du 
dx 



■ dx. 



If p = 0- (1 + s), then, aa in Art. (173), p=^hr (1 +/8«), 

, dp ^kjSds 



or 



Jcl3ds _ / ^ _ ^\ J' 
l+« ''\dt ^ dx) 



dyJr 
If -^ be a function of t such that ^ = ^> ^^ obtain, by in- 
tegration with regard to x, 
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The motion is supposed to be so small that the square of the 
velocity may be neglected, and therefore expanding log (1 + «), 

and kfi8 = -^ (1). 

The equation of continuity is 

dp ^ djpu) ^ 
dt dx 

or, substituting for p, and retaining only the first powers of small 
quantities, 

ds d^<b , » 

Hence, from (1) and (2), 

W^^^W' w^®^®*^ = «*» (3)> 

is the equation which determines the oscillatory motions of the air 
in a straight tube. 

The integral of this equation is 

hence w = jP (a? + a^) +/(a; — at)^ 

taking i^ and /as the deriyed functions of i^^ and/, 

and 8 — — 5 [aF[X'{-at)'-af{x'-at)]y 

08 = -- F{x + at) +f{x - at). 

The initial circumstance of motion will determine these 
fanctions.. 

Initially, when ^=0, let 

u=='^{x) and «=:;^(aj), 

then JF'(a;)+/(a;)='^(a;) 

and F{x) ^f{x) = - a^ (^)- 
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Hence 2F{x) = -^ («) - «x i^) \ , ,^ . 

2f{x) ^^{x) +ax{x) J W , 

2a8 = — y^{x + at) -{-axix + at) +'^(a; — of) +ax{x — at) ; 

and, if the fiinctions '^{x) and ^(a;) are given for all values of x 
from — 00 to + Qo , the values of u and a are determined for all 
values of x and t. 



In order to express the actual motion of a particular element 

dx 
di 



dx 
of the fluid we must replace w by -5- , and obtain x in terms of L 



175. The equations of the preceding article may be also 
obtained without reference to the general equation of motion. 

Let ^ be the area of a transverse section of the tube, x and 
x-\-tx the distances from the origin of two particles near one 
another when at rest, 

a? + f, (c+Saj + f+^Sa; 

the distances of the same particles when in motion at the time t. 
Hence if <r be the density of the fluid in the space &», and p 

of the same fluid when occupying the space &c + ^ &«, 
-^^'^'^ (. %^ - 1 - g approximately, 

d^ 
or 5 = — j^ . 
dx 

lip be the pressure at the distance a? + ^, thai is, the pressure 
at the time t about the particle whose distance when at rest is x^ 

JP+ -^Sa? is the pressure at the distance a? + Sa? + f 4-;t^&p. 
The moving force on the mass ^cr&cs — Jl-^&t;, and 

.'. Aahx -^ ^-^ A jix. 
av <xx 
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But p = ka-{l + ^8)=]c<T(l-fi^, 

The integral of this equation is of the form 

dp 
and /. w= -j= aji {x^ai)—a'>^'{x — at)y 



8 



dt 



<f>'{x + at)- ^'{X'-'at)y 



which are the same as the result of the preceding article if we 
write F{X'\-at) for atf:! {x-k-at), Skui /{x — ai) for — a^'(a;— a<). 

176. To find the velocity with which a diaturharice is pro^ 
pagated along the tvhe. 

Let the initial disturbance extend through a space AB^ (2\), 
from a; = — \ to a? = + \; then '^{x) and x{^) ^^ Q^^ zero for 
all values of a?, except those comprised between a; = ± X, and, 
from the equations (4), it appears that F(x) and /(a?) are subject 
to the same law. 

First, consider the motion of the fluid at a'point P, such that 
a?, i.e. OP, is greater than \. 



B 



P' 



In this case X'\-at>\ 

P(a; + aO = 0, /(a; + a^) = 0; 
,\ u^f{x — at), a8=^f{X'-'at)^ and u = as. 

Also f{x — at) is zero, and therefore u and s are zero, except 
for values of t which make 

x — at <\ and > — \, 

so that if r, r, be the times at which the motion of P begins 
and ends, 

x — ar = \, a; — ar' = — X, and ,r. t — t = — . 

a 
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Hence P is set in motion at the time r, vibrates daring the 

time — , and is afterwards at rest. 
a 

Again, if P^ be another point of the tube, the fluid at Pj will 
be set in motion at a time r^ such that 

PP 
and, since OP— ar = \, it follows that ^ = a ; and therefore 

a is the rate at which the disturbance travels along the tube in 
the positive direction. When P has come to rest, the motion 
which P had at first will have been transmitted to a point at a 

distance 2\ from P, since — is the time during which P is in 

motion. 

The disturbance therefore travels along the tube in the form 
of a wave of constant length 2\ and with a constant velocity. 

Secondly, consider a point on the negative side and such 
thata?< — X, 

Hence a; — erf < — \, 

and therefore F{x — at) = 0, f{x — at) = 0, 

M = P(a; + a*), 6w = — P(aj + a<), and m = — <w. 

These expressions will be zero unless 

x-{-at>^\ and < \ ; 

and therefore if x, x\ be the distances of two points at which 
mation commences at the times t, t', respectively, 

aj -f- ar = — \, a;' + ar = — \, 

and a?' — a; = -^ a (t' — t), 

from which it results, as before, that a is the velocity of pro- 
pagation. 

Similarly, the time of motion of any one element is — , and 

a wave is therefore propagated in the negative direction. 

Lastly, consider the motion of a point between the limits 
AB of the initial disturbance. 

B. H. 25 
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The velocity and condensation are both given, {equations (4)}, 
by the sum of two functions, representing respectively the dis- 
turbances due to the two waves which we have ^hewn to be 




travelling in opposite directions. By the principle of the super- 
position of small motions*, the motion is therefore the same as 
would be caused by the coexistence of two waves, travelling 
across the point P in opposite directions. 

\ _- np PA 
Now OP+at<\, until t^ ^ ty^ ^££ 

a a 

after which F{OP+at) = 0; 

and OP— a« > — \, imtil « = H = — , 

a a 

after which /( OP-at)=-0] 

that is, the motion of P is represented by the coexistence of two 
vibrations until the negative wave has travelled over a space 
AP, and it is then disturbed only by the positive wave travel- 
ling over BP. 

177. It may be observed that of these two waves it is pos- 
sible that only one may exist ; if, for instance 

for all values of x between ± \, then -F(a;) = for all values of 
X, and only one wave is propagated. 

The function f{x — at) determines the wave which is propa- 
gated in the positive direction, and, for the continuance of this 
jnotion, the relation w = a« is necessary. If this relation be 

* The principle of the superposition of small motions asserts that if a number of 
small disturbing causes act on a material particle, the resulting effect is sensibly the 
sum of the effect due to each cause acting singly. 

Thus, if a quantity u would be changed by one disturbing cause acting alone into 
u-^au, where a is very small ; and by another into u + fiu, the whole change, when 
the two act together, will be au-^fiu; for if the second cause act immediately after 
the first, the resulting additional change would be /3 (u + au) or /3u + afiu, when o/Sk 
being a small quantity of the 2nd order may be neglected in comparison with au-^fiu. 
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destroyed, the wave so disturbed will give rise to two waves, one 
travelling in the positive and the other in the negative direction. 

A similar remark is applicable to the fimction jP(aj + o<), 
which determines the wave travelling in the negative direction. 

Definition of a Wave, 

178. The term wave is applied to any state of motion 
transmitted through a substance the elements of which are 
slightly disturbed. The length of a wave is the distance be- 
tween two consecutive surfaces of equal displacement, that is, 
two surfaces, the particles in which are, at the instant con- 
sidered, in the same state of motion. In the case of the last 
article, a solitary wave, of the length 2\, is propagated in the 
positive direction, and a similar wave in the negative direction, 
so that every portion of fluid in the tube has a phase of motion, 
and is afterwards at rest. Instances of the solitary wave may 
be seen in the effect of a gust of wind on a corn-field, or in the 
expanding circles produced by dropping a stone in still water. 

K the original disturbance be repeated at the instant when 
the positive and negative waves, after traversing each other, 
have just cleared the space AB, and the process be continued, 
so that a series of waves follow closely on each other, then a 
particle of fluid, once set in motion, will vibrate isochronously, 
and if a number of points be taken at successive distances 2\, 
the points of division will be the positions of all the particles 
of fluid which, at any one instant, are in the same state of 
vibration. 

179. The nature of the original disturbance will determine 
the character of the wave, that is, the form, extent, and rapidity 
of the vibrations of which it consists. 

Suppose, for instance, that the air in a tube is set in motion 
by the oscillations of a disc, the plane of whiqh is perpendicular 
to the axis of the tube. When the disc moves in the direction 
OA, fig. Art. (176), the ^ on the side A is condensed, and on 
the other side is rarefied: if the motion of the disc then cease, 
a condensing wave will be propagated in the direction OA^ and 
a rarefying wave in the direction OB, provided the separation 
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of the two portions of air by the disc be complete ; but, when 
this separation does not exist or when vibrations can be trans- 
mitted through the disc, a complete wave, half condensing and 
half rarefying, will be propagated in each direction*. 

If the disc make a complete oscillation, starting from rest 
and returning to its original position, complete waves will be 
propagated in each direction. 

It should be observed that the range of vibration of the disc 
is not necessarily comparable with the length of the wave pro- 
duced ; the space through which the disc oscillates may be very 
small compared with the space AB. In fact, whatever be the 
extent of the disc oscillations, the wave AB depends only on 
the time of the oscillations, and on the velocity of propagation. 

180. The vibrations of the air in a tube closed at one end. 

Let P be the closed end. Then if a disturbance be excited 
over a space AB^ (2X), it will in general cause two waves tra- 
velling in opposite directions, and one will impinge on the fixed 
end P. 

The analytical condition is that for all values of t the value 
of u is zero, and we have to determine the modification intro- 
duced by this condition into our previous results. 

Let OP=^c; then 

F{c^ at) +/(c - at) = 0, 

for all values of t ; 

.'. F{x + at) =FL + a (t - ^)l 

= — y(2c — a; — a^, 
and u ^/{x — at) — / (2c — a? — at), 

observing that f{z) is zero except for values of z between ± \. 

Now consider the motion at Q, auction of the tube between 
OandP. 

* The term wave is sometimes applied to either of these portions; each being the 
distance between points of zero Telocity. 
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Let X = OQ, and first suppose xkc — X. From t = , 

1. e. after the wave lias passed over Q, 



BOA Q Q'P 

f{x - at) = 0, 
and /(2c — a? — a<) = until 2c — a: — a< = X, 
2c — x—\ c—\ + c — x 



or t = 



a a 

AP+PQ 



a 

fi^c — x — ai) is then finite, but again vanishes when 

2c — a? — o^ = — \, 

2c-a:+X ^P+P^ + 2\ 

or < = = ; 

a a 

and for all greater values of t is evanescent. 

The motion of Q is therefore the same as if, when the front 
of the wave arrives at P, another wave, (2X), were to start im- 
mediately, and travel in the opposite direction, following the 
negative wave at a distance 2-4P. 

In other words the wave impinging on P is there reflected, 
and its motion exactly reversed. 

K the distance of a point Q from P be <X, then for a cer- 
tain time the motion of Q will be the result of the superposition 
of two motions, namely, those due respectively to the inci- 
dent and reflected waves: it will be caused by the reflected 

wave only when t > — ^ , and will cease altogether when 

_ BP+PQ' 

a 

181. The vibrations of the air in a tvhe open at one end. 

Let P be the open end at a distance c from 0. The air in 
the tube at P being in immediate communication with the atmo- 
sphere, it may be assumed that its condensation is zero. This 
assumption is usually made for purposes of calculation, but it 
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appears from experiment that the point of zero condensation is 
at a little distance beyond the open end*. 

We have then « = when x^c; 

or F{c'{- at) —f{c — a^ = for all values of t ; 

=sf(2c'' x — at), 

and u =f{x — at) +/(2c — x—at). 

By exactly the same reasoning as in Art. (180) it may be 
shewn that the wave on arriving at P is reflected and travels in 
the contrary direction with the same velocity. 

182. The vibrations in a tube of finite length. 

By the preceding investigations it appears that, if a disturb- 
ance be caused in a tube of finite length, the two waves, which 
start at first in opposite directions, will be both reflected on 
arriving at the respective ends of the tube, and their motions 
reversed, whether the ends of the tube are open or closed. 



P B A A' B' Q 

If PQ be the tube and AB the portion initially disturbed, 
the two waves will after reflection be superimposed at A'B\ 
which is at the same distance from Q that AB is from P; and 
the motions as thus described will recur continually. 

The time of a complete oscillation of the two waves will be 

AP-^PQ-^-QA 2PQ 

'^^— , or — — . 

a a 

If the initial disturbance extend over the whole of the tube, 
the motion of any portion of air in it will always be the result 
of the superposition of the two motions arising from the two 
waves propagated in opposite directions. 

183. Prop. To find the general equations for the vibrations 
of an elastic fluid. 

The process of forming these equations is almost identically 

* Mr Hopkins, On Aerial Vibrations, Camb. Phil. Trans, 1888. 
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the same as that before employed for the simple case of recti- 
linear motion ; we shall indicate it briefly. 

If /5 = <r(l + 5), and jp = /CO- (1 + iSs), 
the general equation of motion is 

where u, t?, and w^ are the component velocities, and -^ is a 
function such that 

assuming that udx + vdy + wdz is a perfect differential. 

Neglecting the squares of s and of the velocities, we obtain 

Also, substituting for p in the equation of continiiity, 

ds £^ ^ ^_ 
dt'^da^'^dt/''*' ds'~ ' 

and therefore ^-a'[^+^ + ^] 
ana tneretore, ^ - « ^^^ + ^yi + ^^ > 

where a' = «j8, 
the equation which, with 

cld> dd) ■, d4> 

determines the motion. 

184. A disturbance is excited in a homogeneovs atmosphere 
so as to proceed symmetrically from a centre; it is required to 
determine the motion. 

In other words the problem is, to determine the laws of the 
propagation of spherical atmospheric waves. 

Taking the centre of the disturbance as the origin, the 
velocity ( V) and condensation at any point will be functions of 
the distance (r) from the origin. 



^ 



200 8PHEBICAL WAVE. 

The equation of the previous article becomes 

3?~" V^"*"*- rj' 

r and t being here independent variables. 
Hence, r^ = F^r + ««) +/(r.- o^), 

and therefore, since ^= ;^ > and ^'^ = "" ^ > 

F= i li^'(^ + «0 +/ (^- «01 - ^ {^(^ + at) +fir - aOl 

y...(a). 

and cw = - {/(r - o^ - ^{^ + «<)} 

In order to determine these functions, the initial values of 
V and 8 must be given for all values of r from to oo , and we 
must, besides, take account of the condition that, at the origin, 
F= always, a condition obviously true, if the disturbance be 
symmetrical with respect to the centre. 

Let '^{r) and ;^(r) be the initial values of V and a«, these 
functions being given for all values of r from to oo . 

^, ,,, d F{r)-{'f{r) ,. f{r)''F'(r) 

Then, ^(r) = ^ ^ \^^ ' , X W - ^ ' 

and therefore, i J'(r) + i/(r) = /./r (r) = ^, (r) + J,! 

fir) - J'Cr) = /r X (r) dr = Xi W + «» ' 
i and c being arbitrary constants. 

Suppose, if possible, that the expression for F, (a), can be 
expanded in powers of r ; then, since Fmust vanish with r for 
all values of <, the terms involving negative powers of r must 
destroy each other, and this condition will be satisfied by 
assuming 

F{r-\-at) +f{r^at) = Tr+ Tt^^ ... 
and F\r + at)+f{r'-at)=: T + T^r-i^ ... 
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From the first of these 

F'{r+at)^f{r^at)^^ ^+... 

and therefore, making r evanescent, and patting z for at, 

^(^)+/(-^)=0, F'{z)^f{^z)^0, (7), 

for positive values of z. 

By means of these equations it can be shewn that the con- 
stants in (fi) will disappear in the final expressions for F{z) 
and/(«). 

Thus, taking account of the constants only, we obtain from (/S) 

.•.JP(r + ae)=rift(r + a«)-ic, F'(r + at)^^b, 

and, itrxU, 

f{r-at)=lb{r-at) + le, /(r-a«> = li. 

F{at-r) = \b{at-r)-\c, F' (at-r) ^^^b, 

but, from (7), i(r<at, 

f(r -<a)=- F{at - r) 



= ^b {r - at) + -0, 



the same as when r > cit. 



Sdbetitating in (a), we find F»0 and a^O; the constants 
may therefore be omitted, and we obtain from (fit), putting z for r. 



2F{z)^z-^^{z)-x,{fi), 
^F'{z) = ^,{z)+z{-<^{z)-x{z)], 

B. H. 26 



(8), 
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By these equations, if the initial disturbance be given, the sub* 

sequent motion is determined. 

PoisBon, MScariique, Art. 660. 

185. Determmatian of the velocity of propagation of a 
apJierical wave. 

Let the initial disturbance extend from r = to r = a ; then 
'^{r) and % W ^^y^ given values from r = to r = a, and are zero 
from r :^ a to r = 00 . The integrals y^^ (r) and ^^^(r) are constant 
for all values of r greater than a, and, if we assume that/(;5) and 
F{z) vanish when = 00, these integrals will vanish when r = oo , 
and will therefore vanish for all values of r from to oo . 

^ 

Hence, from the equations (S), if r <a, jP(r+a<) and F (r + a() 
are finite as long as 

t< ; 

a 

also f{r — at) and /' (r — at) , are finite as long as 

a 

and, when <> - , 

' a 

we find from (7) that f{r — at) and /' {r — ai) are finite for 

values of t less than -^^ — : it appears then that the original 

a ' 

2a 

surface of disturbance is in motion during the time — . 

If r > a, F{r + at) and F*\r + at) are zero, and we have 

as ——f {r^at). 

But, from the equations {S)ff{r — at) and/' {r--^at) are finite 
from 

« = to t= -3-r, 

a a 

and therefore the particles of fluid about the spherical surface of 

• 2a 

which r is the radius are in motion during the time — . 
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MoreoYer, the motion of a particle at the distance r com- 
mences when i = , and of a particle at the distance / when 

t ss , and the motion extends froih the sphere r to the sphere / 

in the time ; a therefore represents the velocity with which 

the waye motion is propagated. 

At a considerable distance from the centre of the initial dis- 
tance, the terms involving -j may be neglected, and we obtain 

the relation before obtained in the case of vibrations in a straight 
tube. This result might have been anticipated, for at a consider- 
able distance from the centre a small portion of the wave front 
would be approximately plane, and would therefore follow the 
laws of motion of a plane wave. 

186. Nature of the motion when the initial displacement is 
small hut not symmetrical with regard to a centre. 

In the case of a spherical wave, suppose a conical surface 
described, of very smidl vertical angle, with its vertex at the 
centre of the sphere ; we may conceive the air within this cone 
to be isolated, without affecting its motion in any way. 

Now, whatever be the form of the initial surface of displace* 
ment, we can suppose the aerial mass divided into a number of 
cones having their vertices at the origin, in each of which the 
velocity of propagation will be the same, and of the nature of 
the propagation of a spherical wave. After the lapse of a finite 
time, the several portions of the surface of disturbance, or wave 
surface, will be sensibly at the same distances from the origin, if 
the initial disturbance be of small extent, and therefore the wave 
surfeu^e will approximate, as it expands, to a spherical form» 

187. Intensity of Sounds 

From the equations of Art. (184), it appears that V di- 
minishes with r ; and, as the intensity of sound is measured. 
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in a given medium, by the s(][uare of F, it follows that at large 
distances from a centre of disturbance the intensity yaiies as -^ . 

188. Comparison vyiih observation of the theoreHcai vehciiy 
of sound. 

Writing ^ for 1+^8, the expression for the velocity becomes 



^i^gh^K{l + at)^. 



Now taking a foot and a second as units of space and time, 
ff BB 32*2, and in dry air at the freezing temperature, the height 
of the barometer being 29*927 inches, the experiments of Biot 

give - = 10463. 
P 

The quantity f may be determined by observations on the 

increase of temperature in a given mass of air produced by a 

given condensation. From the experiments of Clement and 

Desormes the value obtained is 1*3492. 

Hence, the velocity of sound at the freezing temperature 
= J32-2 X 10463 x 1*3492 x -^|=^f , 

which is approximately 1064 feet per second, and is less than the 
velocity, 1090 feet per second, given by observations*. 

The discrepancy depends chiefly on the uncertainty of the 
value of if, as detennined by direct observation ; Kia in feust best 

determined by equating the expression A/vgh -Kj to the ob- 
served Telocity. ^ 

Specific Emt. 

189. A physical meaning can be assigned to the coefficient 
K by introducing the idea of specific heat. 

It is found that in order to produce a given change of tem- 
perature, different bodies require the application of different 
quantities of heat, and the relative specific heats of two bodies, 

* For a list of the authorities on which this statement depends, see Herscbel'a 
Sounds Art. 16. 
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or of the same body in different states, are determined hy com- 
paring the quantities of heat required to produce the same change 
of temperature in equal masses of the two bodies. 

For elastic fluids it is necessary to consider two cases; 
(1) when the pressure remains constant, the gas being allowed 
to expand, (2) when the volume is constant. 

Let p be the density and jp the pressure of a mass of air at a 
temperature {t)y and suppose that by the application of the heat 
Qj tiie temperature is raised r^,^ the pressure remaining constant 
and the density being changed to p; then 

Now let the air be rapidly compressed into its original volume, 
and assume that the consequent increase of temperature {i') is 
proportional to the condensation. 

Hence, ^':.;«, = ;.(^ - l) = ^, 

and the whole increase of temperature due to the heat Q, when 

the volume is constant, is t f 1 + ^ ) ; and if j be the heat 

required to produce a change r of temperature in a mass of 
constant volume, 

or, 1 + is the ratio of the specific heat of air under a 

constant pressure to its specific heat when its volume is constant. 

It appears from experiment that this quantity is mdependent 
oft. 

• 

Suppose the air in which sound is propagated to have a 
temperature ^, then, in the state of rest, 

p = Kp{l-\-at), 
and in the state of motion, 



=*p(i+«.)(i+.+j^J. 
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Comparing this with Art. (173), we obtain 
and the velocity of sound = * / \^ — (l + at) kI . 



jPrcpagatton of Sound in Vapour. 

190. The remark made in Art. 161, on the effect of a sudden 
compression of air in raising its temperature, enables us to explain 
the known fact that sound can be propagated through vapour in 
its state of greatest or saturating density. 

The effect of a compression of the vapour, without change of 
temperature, would be the precipitation, in the form of dew, of 
some portion of it, but the compressions which are caused by 
rapid vibrations are always accompanied by an increase of tem- 
perature, the vapour remains uncondensed, and tlie vibrations are 
propagated through it in the same way as through the air. 

191. The effect of simultaneous disturbances from different 
centres may be determined by observing that the equation, 

df^^ \da?'^ df^ ds?) ' 
is satisfied if we take for (f> an expression of the form 

l[F{r-^at)-^f{r--at)] 

T 

m 



^1 



where r, r^, ... are the distances of a point in the fluid from the 
several centres of disturbance. 

The condensation, -^ , is therefore the sum of the several 

partial condensations, and the velocities parallel to the axes at 
any point of the fluid, are given by the equations, 
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^d^ _d<f> dr d(f> dr^ 
dx" dr dx dr^ dx 

X dfh . X. d4> . 
or, w = - -^ + -J y-+ ... 
r ar r^ dr^ 

r ar r^ dr^ 

z dd> . z. dfh 
r dr r^ dr^ 

where (a?, y, z) (a?j, y^^ z^ ... are the co-ordinates of the point 
referred to axes originating in the general centres. 

The velocity in any direction is therefore the sum of the 
velocities in that direction due to the partial disturbances.- 

192. Reflection of a spherical wave at a faced plane. 

Suppose that two exactly similar spherical waves proceed 
from two centres ; that is, let the velocities and condensations in 
the two waves be the same, simultaneously, at the same distances 
from the centres, and consider the nature of the disturbance 
which takes place at the plane which is equidistant from the 
two centres. 

By the preceding article, it is clear that the resultant 
motions of the particles at this plane will be entirely parallel 
to the plane ; it appears moreover, by the same reasoning, that 
the two waves will pass through each other, and afterwards 
proceed, as if each alone had been originally excited, and that, 
if a series of pairs of waves proceed from the two centres, the 
disturbance at any point will result from the combination, by the, 
superposition of small motions, of the partial disturbances. 

If now a rigid plane occupy the place of the geometrical 
plane equidistant from the centres, one of the centres of distur- 
bance may be removed, without any other alteration in the cir- 
cumstances of the motion, and, if the rigid plane be perfectly 
smooth, the velocities of the aerial particles in contact with it 
will be entirely parallel to it, and its action upon the spherical 
wave will be represented by a reflected wave following exactly 
the same laws of propagation as the incident wave. 
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The Befraction of Sound. 

193. We have seen that a disturbance in an aerial column 
produces two waves travelling in opposite directions, and that 
in these two waves the conditions v^tzs^ t? « — cw, are respec- 
tively satisfied. 

If then anything occur to destroy the relation v=±a8 in 
either wave, the effect will be the production of two new 
waves. 

Suppose the aerial column to consist of two parts, containing 
different gases, and that one of the waves formed in one part 
impinges on the plane of separation, and thus produces a distur- 
bance in the other part. 

The states of motion of the two gases may be represented re- 
spectively by the systems of equations, 

V =f{x - a«) + F{x + at) 



+ at)) 
+ at)r 



as ^f{x -at)-- F{x + at) 

v' = ^{X'-a't) +* (aj + aV)] ^ 

aV = ^(oj - at) - * (a? + a't)) ' 

observing that the state of motion to which /and J?' refer is that 
which exists after the commencement of the impulse of the 
wave. 

At the plane of separation the two media must have the 
same motion and the same elasticity ; 

hence, if p, p, be the densities of the two media, 

/c/o(l+i8«) = /e>'(l+i8V), 

fi and 13^ being constants depending on the heat developed by 
compression, and therefore, since in the position of equilibrium 
the pressures Kp, icp are equal, 

If then 0? = Z at the plane of separation, these two con- 
ditions give 

/(Z-a«)+jP(Z+aO=^(Z-a'0 + «>(Z + a'<), (1), 

/(Z-a<)-JP(Z+aO=/^{^(Z-a'«)-*(Z + a'«)}, (2), 

putting /^ = 0. 
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Let X = ± a mark the range of initial disturbance ; then 
V, v\ 8, and s' are all zero initially except for values of x be- 
tween + a. 

Hence, considering the second medium, 

(f) (x) = 0, and ^ (^) = 0, 

and therefore ^ (a? 4- a't) = always, from x=l to x = co . 

The relation v' = as' is therefore established^ and a single 
wave is propagated. 

But, considering the first medium, we obtain from (1) and 
(2), taking account of ^ (? + at) = 0, 

a8=^fW, ^ 

and therefore, unless fi = 1, there will be a reflected wave. 



« 
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CHAPTER Xra. 

MUSICAL SOUNDS. 



194. Any mechanical impulse of the air, of a sufficient 
degree of violence and suddenness, will produce a sound, and 
a series of impulses, following each other with sufficient rapiditj, 
will produce the sensation of a continued sound. If the series 
of impulses are variable in their character, and follow no regular 
law of production, the re^lt is a notsCy but if the impulses are of 
the same kind, and produced at regular intervals, the result is 
a musical note. 

A sound of such a nature is defined by three characteristics ; 
these are, the intensity of the soimd, which depends on the 
extent of vibration of the aerial particles, the pitch of the note, 
which depends on the rapidity with which the successive waves 
impinge on the ear, and a quality by which notes of the same 
intensity and pitch are distinguishable fi*om each other, and 
which seems to be determined by the nature of the instruments 
employed in the production of the sound ; the word timbre is 
sometimes used to express this quality*. 

The velocity of propagation being the same for waves of any 
length, it will be seen that the pitch of a note is determined by 
the length of the wave, or by the time of vibration, and is higher 
or lower, as the time of vibration, or the length of the wave, is 
less or greater. 

195. Prop. To determine the notes which can he prodttced 
from a tvhe closed at one end. 

We may conceive a series of similar waves produced by the 
rapid oscillations of a disc in the column of air, the successive 
oscillations being exactly similar to each other. 

* A further distinction is sometimes made by using the word tone. Thus the tone 
uf a flute is different from that of other instruments, but the qualities of the notes 
obtained from different flutes may be different. 
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Suppose the disc to be at one end of the tuhe^ the oilier end 
being closed, and that the motion of the air is steady, if such 
a motion be possible. By steady motion is here meant the 
perpetual recurrence, at any one point, of the same vibration. 

Let the disc be at the origin, and take I for the length of the 
tube ; then, since the velocity at the closed end is zero, 

= F{l + at) +f{l-^(U) (1). 

Since the vibration of the disc is regular, the velocity at the 
origin may be represented by a periodic function ^ {at), and 

.-. <l>{at) ^F{at) + fir at) (2). 

These two equations, if ^ be given, determine -Fand/ 
The equation (1) is true for all values of t, and therefore, 
putting .- i for ., 

F{at) = -f{2l-at), 
and 4> {at) =/(- at) -f{2l - at), 

a functional equation for the determination of/. 

The fanction ^ being periodic, we may hence infer that/ is 
periodic, and that its period is the same as that of <(>. 

If X be the length of a wave proceeding from a complete 
vibration of the disc, - is the period of ^, and therefore of/ 

We have, generally, 

v= F{x'\-at) '{•/{x'-at); 

hut F{xi-at)^ Fh + a(t + ^^^\ 

= -/{Z-a(« + ^^|from(l), 

= -/ (2Z - a^ - a;), 

and therefore the points at which t? = are given by the 
equation 

/(aj - a<) =:/(2/ - 0? - aO* 
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Now /remaiiifi unchanged when i is cfasnged by any mul- 



tiple of - ; 

/. « — a< =«: 2i — a? — flrf ± fwX, 

or, ? — a; = + m — . 

m 

These points of zero velocity are called nodes; their distances 
from the closed end are ^, 2 — , 3 — ,.-., and the distance 

7a jS TS 

between two consecutive nodes is half the length of a wave. 

Assuming the oscillations of the disc to be exactly the same 
in bo A directions, the values of/ will recur with opposite signs 

whenever ai is changed by an odd multiple of - . 

But, if « = 0, F{x + at) =/(a; - at), 

or, f{2l — at — a?) s* -/(« — <it) ; 

/. 2Z — oe — a; = a?— a< ±(27>i + l)- , 



\ 



or, 



Z-aj=±(2w+l)-. 



This gives a series of points of zero condensations, the dis- 
tances of which from the closed end are -r > 3 - , 5 - .... • 

4 4 4 

These points are called loops. 

If the length I of the tube were a multiple of- , the origin 

would be a node, which is clearly impossible, and therefore the 
motion cannot be steady; if however the length be an odd 

multiple of — , the origin wiU be a loop, and this is consistent 

with the circumstances of motion. 

Taking the origin as a loop and the closed end as a node, it 

is evident that the greatest value of jis ?, and therefore the 

vibration of longest period which can be kept up in the tube is 
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that for which X = IL The sound thus produced is the fendar 
mental note of the tube, or the lowest note which can be obtained 

from it, and the time of vibration for this note is -— . 

a 

A state of regular vibration is alwa7S possible when \ is 
such that 

and therefore the times of vibration corresponding to the notes, 
placed in ascending order, which can be produced from the 
tube, are 

4[ £ 4[ 

a • 3a' 5a'*''- 

being in the ratios 1 : - : - : ..^. 



liejiection at the Disc. 

196. Supposing that the vibrations of the disc are main- 
tained, we have to consider its effect on the returning wave, and 
for this it is sufficient to remark that the motion would be 
practically very small compared with the rate of propagation of 
the aerial vibrations it excites, and the returning wave will be 
reflected by it as if it were fixed. The state of vibration of 
any particle will therefore result from the coexistence of a number 
of vibrations arising from the various waves which travel back- 
wards and forwards in the tube and which are continually 
reinforced by new oscillations of the disc. 

197. It is important to observe that the continuance of the 
sound depends on the fact that the tube is of finite length, and 
not merely upon the repetition of the impulses by tiie disc, the 
efiects of which are to reinforce the fading intensities of the 
original vibration. In fact, a vibration onoe produced will be 
perpetually reflected at the ends of the tube, until it is destroyed 
by the friction of the tube, the imperfect elasticity of the closed 
end, or the friction of the air itself, so that if the disc were to 
make oscillations and then to be removed, the note would be 
produced but its inteuBily would rapidly diminifih. As a matter 
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of fact such a note would not in general be heard at all after the 
cessation of the disturbance. 

198. Effect of discontinuous oscillations of the disc. 

Conceive the disc oscillations to take place at separated in- 
tervals ; then, neglecting -the faint echos arising from the con- 
tinued reflections, a number of discrete waves would be propa- 
gated, and woidd produce on the ear, if of sufficient intensity, 
the sensation of a continued series of short cracking sounds. If, 
however, the intervals between the oscillations be made very- 
small, so as to be inappreciable by the ear, the sensation will be 
that of a continued note. 

This has been in several ways put to the test of experiment ; 
for instance, in the Sirene of Cagniard de la Tour. In this 
instrument, the wind of a bellows is emitted through a small 
aperture close to which revolves a disc pierced with a number 
of holes arranged in a circle concentric with the axis of rotation ; 
and, as the disc revolves, the intervals between the holes act as 
a cover and intercept the air. When the disc revolves with 
sufficient rapidity, the result is a continued note*. 

199. We have supposed throughout the previous investiga- 
tion that the force controlling the motion of the disc is sufficiently 
powerful to render the oscillations independent of the varying 
resistance offered by the air, and it has resulted that the steady 
motion requisite for the production of a musical note is not 
possible except for certain definite relations between the length 
of the tube and the time of oscillation of the disc. 

In practice this is not the case, for, whatever mode of exciting 
a vibration be adopted, it is foimd that the action of the air 
within the tube modifies the original vibration, and that vibra- 
tions consistent with the possibility of steady motion are gene- 
rally established, so that either the fundamental note or one of 
its harmonics is sounded. 

200. Pbop. To determine the notes which can be produced 
from a tvhe open at one end. 

* In Herschel's Sound, Part II., an account will be found of experiments eln- 
ddating this point. 
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Suppose the vibrations excited by a disc at the other end, 
at which the origin is taken. 

As in Art. (181), we have 

F[l-\-at)^fa-at), 
and therefore 

=/(2Z-a<-a?), 
and as =f{x — at) —f{2l ^at — x). 
The function being periodic, if « = 0, we have 

2? — a< — a? = a? — a< + mX, 

and therefore Z - a? = ± w - , 

giving a series of loops at distances m- from the open end. 

If then l^m-, a series of notes can be obtained of which 

the times of vibration are 

21 2l 2^ 21 

a ' 2a' 3a' 4a'"" 

It may be noticed that the time of vibration of the funda- 
mental note of the open tube is half that of the ftmdamental 
note of a closed tube of the same length, and the note is there- 
fore an octave higher. 

201. Other notes than the harmonics just discussed can be 

obtained from tubes by making apertures at different points, and 

thus establishing communications with the external air. If, for 

instance, at a distance c from the end at which the disturbance 

is excited, an aperture be made of sufficient size, the air within 

the tube can only vibrate steadily when this aperture coincides 

with the position of a loop, and therefore 2c will be the longest 

2c 
possible wave, and — the time of vibration of the lowest 
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possible note. The other portion of the tube will be inoperative, 
unless indeed its length be a multiple of 2e, in which case it 
might be anticipated that the air within it would vibrate in 
imison with the air in the length c, and thus perhaps increase 
the intensity of the sound. ^^ 

By properly placing apertures, the notes of the diatonic scale, 
and their harmonics, can thus be produced from a single tube*. 

The construction of a Jlute is an illustration of the preceding 
theory : it must be observed, however, that on account of the 
small size of the apertures and the diflSculty referred to in Art. 
181, the distances of the apertures from the ends are not exactly 
the same as would be given by the theory. 

202. Case of a tube closed at both ends. 

The effect of an aerial disturbance in a tube closed at both 
ends is given by the results of Arts. 180 and 182. 

To find the notes producible from the tube, we must consider 
the conditions necessary for steady motion ; and it is clear that 
for this purpose the two ends must be nodes, and that, if ? be 
the whole length of the tube, and \ the length of the wave, 

I must be a multiple of - . The times of the vibrations of the 

notes which can be produced are therefore 

2Z 2Z 2Z 
a' 2a' 2a'"" 

the same as for a tube open at one end. 

We may suppose the disturbing cause to take effect at an 
opening, or emhoiLchure, at the middle of the tube. 

203. Case of a tube open at both ends. 

The condition necessary for steady motion is that the two 
ends should be loops, and this case is therefore at once reduced 
to that of a tube open at one end and having the disturbance 

* The ratios of the times of Tibration corresponding to a set of notes in the 
diatonic scale are 

8 4 3 2 3 8 1 
^* 9' 5' 4' 3* 6' 16* 2' 
ending at the octaye of the first note. 
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excited -At the other. If, howe^r^, the embouchure be in the 
middle of the tube the lowest note whidi can be obtained wSJ 
be an octave higher tha#if the disturbance were excited at 
the end. 

In fact, each of the two preceding cases, if the embouchure 
be in the middle of the tube, is equivalent to the combination of 
tubes, each of half the length of the tube considered ; and it is 
easy to see that the two portions may vibrate in unison, and that, 
if the disturbance be excited at their plane of junction, they will 
do so. 

204. The preceding investigations are applicable to the cases 
of tubes having a curved axis, provided the sectional area be not 
very large. 

Organ pipes, for instance, may be bent or crooked in form, 
and it is found that the pitch of the note depends on the length 
of the axis of the tube, and is not affected by the form of 
the axis. 

The Vibrations of Strings. 

205. A piece of string or wire, tightly stretched between 
two fixed points, can be made to vibrate, and if the vibrations be 
sufficiently rapid, a musical note will be produced. 




Let APB be a cord, stretched between the two points A, -B, 
and represent by t its tension in the position of rest : neglecting 
the curvature due to the weight of the cord, APB will be a 
straight line, and t will be constant. We shall suppose the cord 
perfectly flexible and only slightly extensible. 

Let AP Q'BhQ the position of the vibrating cord at the time t, 
PQ being the position of the element PQ^ and taking A for the 
origin, and AB for the axis of a?, let a; + w, y, «, be the co-ordi- 
nates of P', the position of P; u, y, z are therefore the displace- 
ments of P in directions of the axes, and are functions of x 
and t. 

B. H. 28 
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Let the tension at P' = T, PQ = 8a;, P' ^' = & ; then, resolv- 
ii^gthe tensions at P and Q' parallel to the axes, their differences 
are respectively 

Also, the increased extension being proportional to the in- 
crease of tension, 

Sx fJL. ' 

jM Ijeing the modulus of elasticity of the string*. 
Now 8*' = (8a? + Buy + By' + Bz", 

and, considering the small extensibility of the string, the angle 
made with AB by the tangent at any point wiU be always very 

small : hence the squares of ^ and k- may be neglected, and 

we have 

B8==Bx + 8w, 

and therefore in the limit 

If t be the length and w the weight of the string, the mass of 

tjoSx 
PQ = — J- , and the equations of motion are 

wBx d^u __ d_ {rp^{x-\-u)\^ 
gl df ds\ ds ) ' 



gl df d8\ dsj ' 



oox drz _d_ f rp§^ ^ 
gl df^ d8\ ds) 



Putting ^ = c'and^ = a», 

* If the string be very slightly extensible, |u is large, and is conyeniently deter* 
mined by the extension prodaced when a given weight is supported by a giyen length 
of string. 
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taking account of the above relations, and neglecting the products 

dudy du dz 
dxds^ dx ds^ 

these equations become 

d^u _ 5 d^u d^y __ g d^^ d^z __ g d^z 
'df^'^d^' 'de'~'^d^' W'^d^' 

The variables being separated, it appears that the three sets 
of vibrations are independent of each other, and the motion 
therefore results from the co-existence of the three vibrations. 

206. These equations can be treated as in previous Arti- 
cles, and it appears that c and a are respectively the velocities of 
propagation of longitudinal and transversal vibrations, the former 
being independent of the tension, and the latter depending on the 
tension, but not on the extensibility of the cord. 

Let h be the length of the cord, of which the weight is t, 

T h 
then — = 7 , and a* = bg^ that is, the velocity of propagation of 

to If ^ 

transversal vibrations is the velocity which would be acquired by a 
heavy body falling through half the length of a portion of the cord, 
of which the weight is equal to the tension. 

The equations for y and z being the same, it follows that, if 
the original displacement be in a plane through ABy the motion 
will be always in that plane. 

207. Reflection. It may be shewn, exactly as in the case of 
aerial vibrations, that any disturbance of the cord wiU produce 
two waves, travelling in opposite directions, and continually re- 
flected at the fixed end of the tube. 

Nodes and ventral segments. Assuming the motion in one 
plane, the plane ay, the motion is determined by the equation 

y=^F{x-\-at)-\-f{x-at), 

and since, at the points A and jB, y = 0, and -^ = 0, we have, for 

all values of <, 

0=^F{at)+f{'-at), 
O^F{l+at)+f{l-at); 
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and y =/(^ — ^0 ""/(^^ — a? — oif), 

or, if a?' = 2Z— a;, 

- y =/(»' - af) -/(2Z -of -at). 

It is inferred from this equation that if the string were con- 
tinued beyond 5, the displacement of a portion I would be always 
the same as that of AB, but in the opposite direction, and the 
point B would remain at rest. 




The curve may evidently be continued above and below the 
line, and it follows therefore that, if the cord be divided into any 
number of parts of equal length, regular recurrence of the same 
vibrations may exist in eaih part, and the points of division re- 
main at rest. 

These points are nodes^ and the portions between them are 
called ventral segments. 

208. Sarmontcs. The time of a complete oscillation of Hm 

.2? 
whole string is — , but if it be divided into ventral segments of 

the length - , all the portions will oscillate simultaneously in the 

time - , and the note produced will depend on \. 

The harmonics of the string are therefore given by the equation 

^ 7 
2 ' 

and the times of vibrations of the notes are 

2Z 2? 2? 

a ' 2a' 3a' 

209. Coexistence of harmonics. The functions F and / 
being arbitrary, the equation for y may be written 
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w y=yi+y2+ 

if y^, y,, ... be vibrations represented by the fimctions F^y f^^ 
jPj, j^, ... and therefore two or more vibrations of different kinds 
may coexist. 

In practical confirmation of this result it is well known, that, 
besides the ftmdamental note of a stretched cord or wire, several 
of its harmonics may be heard at the same time, or indeed any 
number of the harmonics if the vibrations have sufficient in- 
tensity. 

The Monochcrd. 

210. The results of theory may be tested by this instru- 
ment, which in its simplest form consists of a piece of wire or 
catgut fastened at one end, and stretched over two fixed edges 
B and (7, fixed to a scomding-board, by a weight at the oth» 



£ 



Hh 



' w 



end. Between the points B, G, is a moveable bridge, by means 
of which any point of the string can be reduced to rest, and 
therefore by varying the weight and the position of the bridge 
any note can be produced. 

This apparatus may be employed to determine the rates of 
vibration of musical notes. Thus, if the bridge be moved until 
the fundamental note of BP is the same as any particular note, 
that is, in unison with it, and if jRP= Z, the time of vibration 



-V(l)' 



where to is the weight of Z, and t the tension. The length I can 
be obtained from a graduated scale on ADy and t is the weight 
suspended to the string. 

For the exemplification of the theory of harmonics it is con- 
venient to have two wires of the. same substance, and of the 
same length, fastened to tiie sounding-board, and fot this ptirpose 
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it is not necessary to produce the tension by means of a weight. 
The wires may be tightened by screws, and equality of tension 
can be secured by sounding their fundamental notes. The move- 
able bridge may be so constructed as to be in contact with one 
wire and not with the other. 

Longitudinal Vibrations of Rods, 

211. Suppose that vibrations are excited in a straight rod 
which is slightly compressible and slightly extensible in the 
direction of its axis, and that the motion of every particle in the 
same normal section is the same and in direction of the axis. 

Let AB be the axis of the rod, the end A being fixed. 
Taking A for the origin, let x be the distance of a particular 
section P from A when undisturbed, and x + u its distance AP 
at the time t, PQ = hx, the length of an element, Q the position 
of Q at the time t, T the tension, or resistance to compression, at 
F, and r+STat Q. 

The equation of motion is therefore 

whx d^u^^rp 

w being the weight and I the length of the rod. 

Let (m be the extension, or compression, of a length a of the 
rod produced by a force TF, and assume that the law of extension 
is the same as that of elastic strings. This assumption, if not 
true within the extreme limits of possible extension or com- 
pression, is justifiable for the small extensions which take place 
in vibrations, and we have, since iu is the extension of &?, 

hi_hx r T^_l du 

da" a W ^^ Wa dx' 

, d^_Iff W rf*M 

d^ aw dcx?' 

This equation is the same as that which defines the longi- 
tudinal vibrations of elastic strings, and might have been de- 
duced from it by neglecting transversal motions ; also, putting 

aw 
it appears that c is the velocity of propagation. 
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If both ends of the rod are fixed, we have w = 0, and -^- = 0, 

at 

when a? = 0, or Z, and, comparing tension with condensation 

there is an exact analogy between this case and that of a column 

of air in a tube closed at both ends. If one end is free, 

^=0,01^ = 0. 

when a? = ?, and the analogous case is that of air in a tube open^ 
at one end. 

The times of vibration of the fundamental notes in these two 
cases are therefore — and — respectively. 



The Propagation of Sound through Liquids, 

212. Liquids, it is well known, are not absolutely in- 
compressible, but, as very great force is required to produce 
a sensible compression, it is sufficient in all ordinary cases to 
neglect the change produced in the volume of a compressed 
liquid. 

The great elasticity of water and other liquids renders how- 
ever such media more capable of transmitting small vibratory 
motions than the air, and the velocity of propagation is in fact 
more than four times that of sound in air. 

Suppose vibrations propagated along a column of water 
confined in a straight tube ; substituting the compressibility of 
water for that of the rod, the case is the same as that of 
Art. (211), and therefore if aua be the compression of a length a 
of the column produced by a force W, and w the weight of a 
length I of the column, the velocity of propagation is given by 

the expression ( - — J . 

213. It has been found that an additional pressure of one 
atmosphere produces in water, at the freezing temperature, a 
compression given by a = '000049589 ; that is, al is the dimi- 
nution produced in the height of a column I of water by the 
weight of a column of mercury 29'927 inches in height. 
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If p be the density of mercuiy, a that of water, and if ic be 
the sectional area of the column, 

w = g<TlK, and W^ — gpK{%^'^21)i 

and the velocity of sound in water = \— ^ (29'927) \ 

^3 2-2 X 29-927 x 13'595 Y 
12 X -00004958 / ' 

since, at the freezing temperature, — = 13*595. 

Calculating by logarithmic tables Ae values of this expression, 
we obtain, as the velocity of sound in water, 4693 feet per second. 

By experiments made in the Lake of Greneva in 1826, the 
velocity of sound was found to be 4708 feet per second, the 
temperature of the water being about 8° (7. ^ 

The compressibility of the water, at the freezing point, was 
found to be the same as at the temperature 8^(7, and therefore 
the quantity a may be considered as unaffected by a change of 
temperature. Moreover, since the atmospheric pressure employed 
is that of a standard atmosphere, the quantity p (29 '927) is also 
unaffected by a change of temperature. 

The only element then which can vary in the expression for 
the velocity is the density of water, and, «is this density is a 
maximum for a temperature of about 4^(7, it may be anticipated 
that the densities at (f and at 8** (7 will be Y&ry neaarly the same. 

Siich in effect is the case, the densities of water at 0^ 4®, 
and 8^, being, according to the results of Despretz*, in the ratios 
•999873 : 1 : -999878. 

The velocity of sound should therefore be very nearly the 
same at 8° (7 as at 0^(7, and we must look for the causes of the 
discrepancy noticed above in the presence of extraneous sub- 
stances in the water, and in the numerous errors to which 
observations of such a kind are necessarily liable. 

It may be noticed that the heat developed by compression 
does not appear to affect in a sensible degree the velocity of 
sound in water. 

* Dixon's TretxHse on Heat, page 78. 
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214. When two strings of the same kind, very nearly 
in unison with each other, are set in vibration together, an 
intermitting soimd is produced, and the alternations of in- 
tensity follow each other at regular intervals. If, for instance, 
the two strings belonging to any note of a pianoforte are not 
quite in unison, the note heard is alternately loud and faint*^ 
Such alternations of intensity are called beats, and the more 
nearly the strings are in unisoi the greater is the interval between 
the beats. 

Let T, t', be the times of vibration in fractions of a second of 
two strings, and suppose the vibrations to commence in the same- 
plane ; at first, the two vibrations will reinforce each other, but 
the faster string will gain on the other, until tihe vibrations are 
in opposite phases, in which case the two vibrations will partially 
destroy each other, and if the strings are exactly alike, and 
nearly in unison there will be an instant of almost perfect silence, 
after which the vibrations will again gradually reinforce each 
other. 

Let the faster gain one vibration in x seconds; then 

TT 



iH)"- 



x\ >l = i, ora; = -?-— , 



which is the period of the beats, and is evidently greater, as 
T — T is smaller in comparison with t or t. 

215. It is not essential to the production of beats that the 
two strings should be nearly in imison ; beats will also be heard 
when two strings form very nearly a concord. Suppose for 
instance in the case of a perfect fifth, in which the ratio of the 
vibrations should be 3 : 2, that one string makes 201 vibrations 
while the other makes 300 ; then about the 100th of the first or 
the 150th of the second, the former will have gained half a vibra- 
tion on the other, and the two will be opposed. 

Beats will result which are very distinctly marked ; and in a 
similar manner beats can be obtained from other concords. 

The earliest notice of these sounds is by Sauveur, about 

* If there are three strings to a note, as is frequently the case, there will be a 
triple series of beats, arising from each pair of strings. 

B.H. 29 
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1700. Their theory is given in Smith's ffarmonics, a treatise 
published in 1749. 

216* Of a different nature are the resuUant sounds which are 
sometimes heard when the concord of two notes is perfect. In 
the case of a perfect fifth every second vibration of one coincides 
with every third, and the effect produced is that of a note exactly 
one octave below the lowest note of the concord. 

These sounds, called Tartini's beats, are discussed in a 
treatise, by Tartini, dated 1754. The term suhharmonics has 
been lately applied to them by musical writers. 

In general, if in a certain fraction (t) of a second, one note 
makes m vibrations and the other «, the period of vibration of 
the resultant subharmonic is r, m and n being supposed prime 
to each other. 

217. Limits of atcdibility. Any aerial disturbance of suffi- 
cient intensity will produce a sound of some kind, but for the 
production of a note or continuous sound, it is necessary that 
periodical vibrations should recur with a certain degree of ra- 
pidity. It is stated by writers on music that when the number 
of vibrations is less than 16 per second, the successive impulses 
are separately appreciated, and the sensation of a continuous 
sound therefore implies that the number is greater than 16 per 
second. 

On the other hand, if the number of vibrations be greatly 
increased, that is, if the pitch of the note be very much raised 
the sound becomes gradually faint, and beyond a certain limit is 
quite lost. This limit varies for different persons, but the gene- 
ral range of hxmian hearing from the lowest note of an organ to 
the highest appreciable sound appears to be about nine octaves. 

Hence the times of vibration of the extreme notes, and there- 
fore the lengths of the corresponding waves, are approximately 
in the ratio 2* : 1. 

If a be the velocity of sound, and I the length of an organ- 
pipe, its fundamental note arises from vibrations of which the 

.21 . . 1 

period is — , and, equating this to — , 
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we obtain Z = — = -^zr- = 34 feet nearly, 

and the wave length is therefore about 68 feet. 

68 
Hence the shortest wave length is about ^ feet or 1.6 inches. 

From a series of experiments performed by Savart, it appears 
that this range may be extended, and that the limits of sensibility 
of the ear are frequently separated by eleven octaves. 

In taking 1090 feet per second as the velocity of soimd, we 
have supposed that the temperature is near the freezing point ; 
if the temperature be greater the velocity is greater, and the 
length I may therefore be increased, or, if Z be given, the time of 
vibration will be diminished. This is in accordance with the 
known fact that the pitch of an ordinary open organ-pipe is 
raised by an increase of temperature. 
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1. Some of the results of Articles 25 and 26 may be ob- 
tained in a more elementary manner, as in the following propo- 
sitions. 

When fluid is at rest under the action of gravity the pressure 
is the same ai all points in the same horizontal plane. 

Take any two points P, Q, in the same horizontal 
plane, describe about the straight line PQ a very thin prism 
bounded by vertical planes perpendicular to PQ, and suppose 
the fluid within this prism to be solidified. The solid PQ is 
kept in equilibrium by the fluid pressures on its surface and by 
its weight, and since the pressures on the ends are parallel to 
PQy and on the rest of the surface perpendicular to PQ, it fol- 
lows that the pressures otf the ends balance each other. Now 
taking k as the sectional area, and p, q, as the measures of the 
pressures at P, and Q, the pressures on the ends when k is very 
small are^ic and qx, and therefore p = q' 

This reasoning applies to the case of heterogeneous fluids. 

2. To find the pressure at any given depth hehw the surfoLce 
of an incompressible fluid. 

Suppose a thin vertical prism of the fluid -4P, extending 
from the surface at A to the point P, to be solidified. Then 
the prism AP is kept at rest by the horizontal pressure of the 
fluid on its surface, by its own weight, and by the fluid pressure 
upwards on the end P, and the pressure of the air on the sur- 
face at A. 

Therefore the pressure on the end P=the weight of the 
prism + the pressure on the end A. 
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Let the fluid be homogeneous, its density being p ; also let 
AP= Zy k = the area of the base of the prism, supposed very 
small, n = the pressure of the air, and p = pressure at P; 

/, pK=ffp/cz + 'nKy or p=gpz + 11. 

It should be noticed that, whatever be the shape of the upper 
end Ay the resultant vertical pressure of the air = Hk. 

3. The surface of afiuid at rest is a horizontal plane. 

For, taking a fixed horizontal plane in the fluid, the pres- 
sure at any point of which is p, and taking 11 constant, z must 
be constant, and the surface is therefore a plane parallel to the 
fixed horizontal plane. 

4. The common surface of two fluids that do not mix is a 
horizontal plane. 

Draw a vertical line ABGy meeting the upper surface in -4, 
the common surface in By and a fixed horizontal plane below the 
common surface in C. 

Let p, py be the densities of the upper and lower fluids re- 
spectively, AB = Zy BC=z\ 

Then the pressure at C=ffpx' + pressure at By 

where j>y by Art. (1), is constant for all points in the horizontal 
plane through C. 

Also, the upper surface being horizontal, AC ia constant, 
and we have, if -4(7= dy 

it follows therefore that z and z' are constant, and the common 
surface is parallel to the upper and lower surfaces. 

5. The proposition of Article (1) is true when the straight 
line FQ does not lie wholly within the fluid. For we can reduce 
Art. (2) to any such case, by supposing any portion of the fluid 
between Pand^ to be made soKd, and such a supposition will 
not afiect the pressures at P and Q. 
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Or we may suppose P and Q connected by a number of ver- 
tical and horizontal lines, and reason thus, taking the figure to 
represent a particular case. 



P Q 

A 

i 'D 



Pressure at (7= Pressure at jB + gpBG, 

= Pressure at -4 + gpBG, 
=^gp{AF+ BO) + Pressure at P. 

Pressure bX D=^gp QD + Pressure at Q. 

But the pressures at and D are equal, and QD = -4P+ BG\ 
therefore the pressures at P and Q are equal. 

Similar remarks may be applied to Article (4), when the 
vertical line AP does not lie wholly in the fluid. 

6. If two fluids J which do not miXf meet in a lent tvUbey or in 
any way communicate toith each other ^ the heights of the free sur- 
faces above the common surface are inversely as the densities. 

For their pressures at the common surface are the same, and 
if Zy z\ be the heights of the upper surfaces above the commpn 
surface, and p, p , the densities, these pressures are respectively 

gpz + n, and gpz' + IE, 
and equating these expressions, we obtain, -, = ^ . 

7. To find the whole pressure of a homogeneous inelastic fluid 
at rest under the action of gravity on any surface. 

Suppose the surface to be the limit of a polyhedron formed 
of small plane areas a^, a^, ... , and let z^y 0,, ... be the depths 
below the surface of the centres of gravity of these planes. 



APPENDIX. 231 

Let a^f a,, ... be very small, so that the pressures at all 
points of any one area may be considered to be the same. 

By Art. (2), taking the surface pressure 11 to be zero, these 
pressures are respectively ^rpig^, gpz^^ ... ; 

.". the whole pressure —gpz^a^ "^99^%^% + ••• 

^X{gpaz)=gpt{az). 

But, if i be the depth of the centre of gravity of the surface, 

i 2(a) =2(a«), 

and therefore the whole pressure = ^^pi 2(a). 

Hence, in the limit, putting S for the whole surface, 2(a) = /S, 
and the whole pressure =5^p«/8w 

In assuming that the pressure is uniform over each area, an 
error is introduced in each of the expressions gpza. 

If, however, a{gpz + xsr) be the pressure on an element a, 
«r is less than the greatest difference between the pressures at 
any two points of a, and therefore, when a is indefinitely dimin- 
ished, w vanishes in comparison with gpz^ and consequently, 
2(tsra) vanishes compared with %(gpza), and the whole pressure 
= 2(«ra + ffpza) = ffpzS. 

Virtual Velodttes, 

8. It may be shewn that the principle of virtual velocities 
is true in the case of a mass of incompressible fluid at rest, and 
not acted upon by any extraneous force. 

Suppose the fluid in a closed vessel, having a number of 
apertures in which cylinders containing moveable pistons are 
fitted, and that equilibrium exists under the action of forces 
P, P', ... applied to these pistons. 

Let K, k\ ...he the areas of the pistons; then, since there is 
no extraneous force in action, the pressure at all points of the 
fluid is the same, and therefore, if p be the pressure, 

P=pK, F^pic, (1). 

Let the pistons be moved through spaces x^ x\ ... and sup- 
pose the new position one of equilibrium, so that the equations 
(1) stiU hold. 
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The volmne being unchanged, we must have 

and therefore Pte + Ptc + ... = 0, 
which is th^ equation of virtual velocities. 

9. In a mass ofjlutdj revolving unijhrmly ahotU a vertical 
axisy a very small sphere^ of greater density than the fluids is im- 
mersed^ and is attached hy a string to a point in the aans ; it is 
required to find the positions of equiltbrium of the sphere relatively 
to the fluid. 

One position of equilibrium is clearly that in which the string 
is vertical, but the sphere may also rest with the string inclined 
at some angle {6) to the vertical. In this position the forces 
acting on the sphere are the fluid pressure, the weight of the 
sphere, and the tension {t) of the string. 

To find the fluid pressures, imagine the sphere removed, and 
its place occupied by a solidified sphere of the fluid, and let V 
be the volume of the sphere, r its distance from the axis, and p 
the density of the fluid. 

The horizontal and vertical resultants of the fluid pressures 
are therefore Fpa)V towards the axis, and Vpg upwards, since 
the weight of the solidified fluid is supported, and its circular 
motion maintained, by the fluid pressures. 

Hence, we must have, if p be the density of the sphere, 

« sin ^ + Fpa)V = F/j Vr, 

^ cos d + Vpg = Vpg ; 



6)V 



.•. tan^ = — , and «= V{p - p) JeoV +f. 

if 

The position of equilibrium is therefore the same as if the 
sphere and string formed a conical pendulum, the only effect of 
the fluid being a diminution of the tension. 

10. Remark on the example. Art. 31. In order to render 
this case more easily conceivable, we may suppose, as an instance, 
that the fluid is contained in a wedge of a cylinder formed by 
passing two planes through its axis, and that the wedge revolves 
round the axis. 
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Taking the upper end as the plane xy, and measuring z 
along the axis downwards, we have 

9 a)*(a^ + ^ -^gx sin a+gz cos a + (7, 

and at the upper end, where z = 0, 

p 1 •/ fl'sinaV 1 « • . /^ g^sin^a 
p 2 V o)* / 2 ^ 2©' 

The lines of equal pressure are therefore circles haying their 
centre at the point (^ — 5-^ , j , and if the vessel be only just 

filled, we may assume that at this point the pressure vanishes, 

J j^ (f sin' a 
and /. (7 = ^ ^ , . 

2©' 

11. Prop. A mass of air being suddenly compressed or 
dilated J it is required to find the change of pressure. 

We shall assume, as in Art. (173), that, for a small con- 
densation, the increase of temperature is proportional to the 
amount of condensation. 

Let p^ p, t be the original pressure, density and temperature, 
and let ht be the change in t due to a sudden change Sp in p ; 
then 

p — hp{\ + at)^ and Bt = fi'^ or -^ = -; 
.•. -£- = k{l-\- at) +kfJLaf 



i ^P^^ (l I '/^ ]r.^ 

p dp p\ l-^at) p ' 



whence ^ 



^©' 



taking j>' and p as the new pressnre and densiiy. 

But, if T be the total change of temperature, 

j>'_ p'{l + a(< + T)} . 
P p{l + at) ' 



7\ -ir-1 



. l + a(<-hT) ^/pV 
1 -f a^ \p / ' 

B. H. 30 
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Impulsive Action, 

12. If impulsive forces be made to act in an incompressible 
fluid, or if impulsive pressures be excited by a sudden change 
of motion in a fluid mass, it can be shewn, exactly as in Articles 
7 and 8, that the impulsive pressure at any point is the same in 
every direction, and that any impulsive pressure is transmitted 
equally through the fluid. 

We may suppose, for instance, a closed vessel Ml of liquid, 
and an impulsive pressure P applied to it by means of a piston, 
area f , fitting in the side of the vessel ; the impulsive pressures 
at all points will be the same, and will be measured by the 

quantiiy J. 

13. Peop. To find the relation between the impulsive pres- 
sure and the change of velocity. 

Imagine impulsive action transmitted in any way through 
a fluid. Let w, v, w, be the velocities at any point P, (a?, y, z)^ 
immediately before the impulse, and u\ v\ w\ immediately after, 
and let jp be the impulsive pressure excited at P. 

Suppose a small prism PQ, having its axis parallel to a;, to 
be solidified, as in Art. 16 ; then, since the impulsive force at Q 

= ^ + |&r, 

— ic -/- So: s= Kp&x (w' — w), 
where k is the sectional area. 

Similarly, ^ + P (^ — ^) ~^y 

^ + p{w-w)=0; 

and therefore 

dp + p{{u* — u)dx+ {v '-v)dy+ (w' — w) dz] = 0. 
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Example. An open vessel containing fluid is suddenly moved 
upwards with a given velocity; it is required to find the impulsive 
pressure at any point. 

In this case, measuring z upwards from the base of the 
vessel, Uy u\ v, v\ and w are zero ; 

,•. dp + pwdz=^Of 

w being the given velocity, 

or ^ + pvoz = G. 

Let h be the height of the surface above the base; then 
p = 0, when « = A, and therefore 

p=: pw' {h — z), 
01 p QC depth below the surface. 
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oChapters L IL IIL« 

1. Two cylindrical vessels, containing different fluids, and 
standing near each other on a horizontal plane, are connected 
by a fine tube, which is close to the horizontal plane ; when the 
communication is opened between them, determine which of the 
fluids will flow from its own vessel into the other, and find the 
condition that the equilibrium may not be disturbed. 

In the latter case, determine the effect of placing equal 
weights of the same substance in each, its density being less 
than that of either. 

2. One asymptote of a hyperbola lies in the surface of a 
fluid; find the depth of the centre of pressure of the area in- 
cluded between the immersed asymptote, the curve, and two 
given horizontal lines in the plane of the hyperbola. 

3. A cone is totally immersed in a fluid, the depth of the 
centre of its base being given. Prove that, P, P', P", being the 
resultant pressures on its convex surface, when the sines of the 
inclination of its axis to the horizon are s, s, s", respectively, 

p8 (/ - s") + P'» {s" - 5) -h P"' {s - 8') = 0. 

4. A rigid spherical shell is filled with homogeneous in- 
elastic fluid, every particle of which attracts every other with a 
force varying inversely as the square of the distance ; shew that 
the difference between the pressures at the surface and at any 
point within the fluid varies as the area of the least section of 
the sphere through the point. 

5. A vessel in the form of a regular pyramid, whose base 
is a plane polygon of n sides, is placed with its axis vertical and 
vertex downwards and is filled with fluid. Each side of the 
vessel is moveable about a hinge at the vertex, and is kept in 
its place by a string fastened to the middle point of its base and 
to the centre of the polygon: shew that the tension of each 
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string is to the whole weight of the fluid as 1 : n sin 2a, where 
a is the inclination of each side to the horizon. 

» 

6. A solid triangular prism, the faces of which include 
angles a, ^, 7, is placed in any position entirely within an in- 
elastic gravitating fluid: if P, Q, JK, be the pressures on the 
three faces, which are respectively opposite to the angles a, /8, 7, 
prove that 

Pcosec a+ Q cosec /8 -f JK cosec 7 

is invariable so long as the depth of the centre of gravity of the 
prism is unchanged. 

7. A hemisphere is filled with heavy inelastic fluid ; if the 
surface be divided by horizontal planes into n portions, on each 
of which the whole pressure is the same, and h^ be the depth of 

the r*^ of these planes, prove that Ar= a /(-•«), a being 
the radius of the hemisphere. 

8. 'A hollow regular tetrahedron, very nearly filled with 
water, revolves about one of its edges at a vertical axis ; compare 
the. pressures on its faces. 

9. An elliptic tube, half full of incompressible fluid, revolves 
about a fixed vertical axis in its own plane, with an angular velo- 
city o) ; the angle which the straight line joining the firee surfaces 

of the fluid makes with the vertical, will be tan"^ ( «) > where 

p is the perpendicular firom the centre on the axis. 

10. Find the centre of pressure of the area between the 
curve, Vi» + Vy = V«> aiid the axes, the origin being in the 
surface. 

11. Three equal cylinders are placed in contact on a hori- 
zontal plane, sufficiently rough to prevent sliding; find how 
much water must be poured into the space between the cylinders 
in order to disturb the equilibrium. 

12. If the depths of the angular points of a triangle below 
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the surface of a fluid be a, h, o, shew that the depth of the centre 
of pressure below the centre of gravity is 

12(a+J + c) 

13. Find the centre of pressure upon a portion of a vertical 
cylinder containing fluid, the portion being such as when un- 
wrapped to form an isosceles triangle, the base of which when 
forming part of the cylinder is horizontal, and the vertex at the 
surface of the fluid. If this portion be divided into two equal 
parts by a vertical plane, find the least couple which will prevent 
either of the parts from turning round. 

14. Two cubical vessels of height a have their bases hori- 
zontal and a common vertical face, in which an aperture is cut in 
the form of an equilateral triangle, whose vertex is in the base 
and opposite side horizontal, the length of the side being a. 
Fitted into this aperture is a prism of length Z(Z<a), which 
slides freely. Equal volumes of two fluids, the specific gravities 
of which are in the ratio 27 : 8, are poured into the respective 
vessels. Determine under what conditions the prism may be 
in equilibrium, and prove that it never can be so unless 

Z be > - a. 

15. A spherical shell, whose interior radius is a, is filled 
with fluid of uniform density /?, and revolves with uniform 
angular velocity o) about the vertical diameter of the shell; 
shew that, if the total normal pressure on the upper half of the 
shell be to that on the lower half as m : n, the pressure at the 
highest point of the fluid is 



rSm — nqa ©V) 



16. A closed vessel full of fluid is made to revolve with uni- 
form angular velocity o) about a vertical axis through its highest 
point ; shew that the total pressure of the fluid on the surface of 

the vessel is increased by - Al^paa^ : A being the area of the sur- 
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face, h the radius of gyration of the surface about the vertical 
axis, and p the density of the fluid. 

How may the total pressure be found, if the axis do not pass 
through the highest point of the surface? 

17. Two very small spheres, of the same size but different 
densities, are connected by a fine string and immersed in a fluid, 
which rotates uniformly about a fixed axis, and is not acted upon 
by any forces ; the density of the fluid being intermediate be- 
tween the densities of the spheres, find their position of relative 
equilibrium. 

18. A hollow sphere, filled with equal quantities of two in- 
compressible fluids which do not mix, revolves uniformly about 
its vertical diameter, and the fluid particles are relatively at rest. 
Find the angular velocity when the lighter fluid just touches 
the lowest point in the surface of the sphere. 

19. A conical vessel is divided into two parts by a plane 
through its axis, and the parts are prevented from separating by 
a string which is a diameter of the rim of the vessel and is per- 
pendicular to the dividing plane, and by a hinge at the vertex. 
Supposing the vessel placed with its vertex downwards, its axis 
vertical, and to be filled with fluid, compare the tension of the 
string with the weight of the fluid. 

20. All space being supposed filled with an elastic fluid 
whose volume at a given density is known, the particles of 
which are attracted to a given point by a force varying as the 
distance; find the pressure on a circular disk placed with its 
centre at the centre of force. 

21. In a solid sphere two spherical cavities, the radii of 
which are each equal to half the radius of the solid sphere, are 
filled with fluid ; the solid and fluid particles attract each other 
with forces which vary as the distance ; shew that the surfaces 
of equal pressure are spheres concentric with the solid sphere. 

22. A hollow cylinder is filled with inelastic fluid and 
made to revolve about a vertical axis attached to the centre of 
its upper plane face with a velocity sufficient to retain it at the 
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same inclination to the axis. Find at what point of the face a 
hole might be bored without loss of fluid. 

23. A mass of inelastic fluid is contained between three co- 
ordinate planes, each of which attracts with a force varying 
as the distance^ and the absolute forces of attraction ft, /a', /a", 
are in harmonic progression. Half an ellipsoid is fixed with 
its plane face against one of the co-ordinate planes, and its 
surface touching the other planes, its axes being parallel to 
the co-ordinate axes and proportional to 

1 1 1 

If there be not sufficient fluid quite to cover the ellipsoid, 
the uncovered part will be bounded by a circle. 

24. A uniform inelastic fluid contained in a closed vessel 
revolves about a fixed axis with a given angular velocity, and 
has in it a particle of solid matter which at a given epoch has 
a given position in the fluid and the same motion as the adja- 
cent particles of fluid, find what its course in the fluid will be 
afterwards ; neglecting the resistance. What will be the diflfer- 
ence if the fluid and particle, instead of being contained in a 
closed vessel, be attracted to the axis of revolution by a force 
varying as the distance ? 

25. A mass of homogeneous fluid is subject to the mutual 
gravitation of its particles, and to a repulsive force tending from 
a plane through its centre of gravity and varying as the perpen- 
dicular distance from that plane; shew that the conditions of 
equilibrium will be satisfied if the surface be a prolate spheroid 
of a certain ellipticity, provided the repulsive force be not too 
great. Smithes Prize Examination^ 1857. 

Chapter IV. 

26. A rod of length a and density p is moveable freely about 
one end, which is fixed at a depth c below the surface of a fluid 
of density a ; prove that the rod will remain at rest, when in- 
clined to the vertical, provided that 

KT ^ a^ 

- > 1 and < — . . 

P ^ 

Shew that such a position is one of stable equilibrium. 
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27. An inverted vessel formed of a substance which is 
heavier than water contains enough air to make it float ; prove 
that if it be pushed down through a certain space, it will be in a 
position of equilibrium, which for vertical displacements will be 
a position of imstable equilibrium. 

28. Two rods of the same substance have their ends fastened 
together at a given angle, and float in a heavy fluid with the 
angle immersed ; shew that the problem of finding the positions 
of equilibrium is the same as that of drawing normals to a para- 
bola from a point within it. Hence find the number of positions 
of equilibrium. 

29. A hoUow hemispherical cup is closed by a lid of the 
same small thickness and of the same substance ; shew that, if it 
float in a liquid of known specific gravity with its centre in the 
surface, the inclination of the lid to. the vertical will be 11* 15'. 

30. A hollow cylinder containing air is fitted with an air- 
tight piston which when the cylinder is placed vertically is at a 
given height above the base ; the cylinder being now inverted 
and placed vertically in a fluid sinks partly below the surfece ; 
find the position of equilibrium. 

31. If the height of a right circular cone be equal to the 
diameter of the base, it will float, with the slant side horizontal, 
in any fluid of greater specific gravity. 

32. A conical shell floats in unstable equilibrium; how 
much water must be poured in to make the equilibrium stable? 

33. A cone is placed in water, its axis being vertical and its 
vertex on the base of the vessel ; find the least depth of water 
consistent with stable equilibrium. 

34. Water rests upon mercury, and a cone is too heavy 
to rest without its vertex penetrating the mercury; find the 
density of the cone that the equilibrium may be stable. 

35. A solid generated by the revolution of the curve 

y ac a?~* around the axis of a?, floats in a fluid with a portion h 
B. H. 31 
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of the axis immersed. If the solid be depressed through 
(n*'* — 1) *> i* '^'^f ^^ ^*s return, just emerge from the fluid. 

36. A right cone is floating with its axis vertical and vertex 

downwards in a fluid, and-th part of the axis is immersed; a 

n 

weight equal to the weight of the cone is placed on the base, 

upon which the cone sinks till its axis is totally immersed, 

before rising, shew that 

37. A thin cylinder, closed at the bottom, but open at the 
top, has a closely fitting piston without weight capable of mov- 
ing in it without friction. If this cylinder be filled with atmo- 
spheric air, and, being just immersed in water with its axis 
vertical, be allowed to sink, find its velocity when it is at a 
given depth, the resistance being neglected. 

38. A solid cone, whose axis is vertical and vertex down- 
wards, is moveable about an axis coincident with a generating 
line ; to what depth must the system be immersed in water, in 
order that the equilibrium of the cone may be stable? 

39. A right prism on a square base has another prism, 
also on a square base, attached to it, so that their axes are coin- 
cident and sides parallel, and the whole floats on a fluid with 
their common plane in the plane of floatation. If the sides of 
the bases of the two prisms are in the ratio 2:1, find their 
limiting heights in order that the equilibrium may be stable. 

40. A heavy cube is moveable about an axis, which passes 
through, and bisects, the opposite sides of one face; this axis 
being fixed horizontally within an empty vessel, so that the 
cube is suspended in the position of equilibrium, find the depth 
to which fluid must be poured in, so as to render the equili- 
brium unstable, and the greatest ratio of the densities of the 
cube and fluid, that this may be possible. 

Supposing the cube half immersed and the equilibrium stable, 
find the time of a small oscillation. 
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41. A cylindrical diving-bell is suspended with its axis 
vertical at a depth such that the water rises half way up the 
bell: find the least distance of the centre of gravity of the 
bell firom the centre of its upper surface, consistent with the 
condition that the equilibrium may be stable with reference to an 
angular displacement of the axis. 

42. A cylinder makes vertical oscillations in a fluid con- 
tained in another cylinder, the radius of which is n times that 
of the former ; shew that the depth of the axis immersed when 
in a position of rest is gM -^ tt* (w* — 1) where t is the time of 
an oscillation. 

43. A vessel in the form of a paraboloid with its axis ver- 
tical, contains a quantity of fluid equal in volume to that of a 
segment of a paraboloid, of the same latus rectum, floating in 
it : if this be raised till its vertex is just in the Surface of the 
fluid, and if it then sink to a depth equal to f of its axis be- 
fore returning, shew that the density of the fluid : that of the 
paraboloid :: 48 : 7. 

44. If a body float at rest, shew that for any displacement, 
consistent with the condition that the weight of the fluid dis- 
placed be equal to that of the float, the difference of the dis- 
tances of the centres of gravity of the float and of the fluid 
displaced below the surface of the fluid will, in general, be a 
maximum or minimum according as the equilibrium is imstable 
or stable. 

Moreover if Z be this difference, and the body be sym- 
metrical with respect to a vertical plane, perpendicular to the 
line about which the displacement aforesaid is made, and be 
the inclination of any fixed line in the body and in that plane 
to the vertical, the time of a small oscillation will be that of a 

simple pendulum of which the length is 'jm, where k is the 



radius of gyration about a line through the centre of gravity 
parallel to iJie axis of displacement. 

Mention any conditions which limit the generality of these 
theorems. 
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Chapters V. VI. VII. 

46. A quantity of air in a vessel will, at the zero tempera- 
tuie, support 30 inches of mercury ; to what temperature must 
it be raised in order to support 31 inches? 

46. A right cylindrical vessel on a plane base contains a 
.certain quantity of elastic fluid, which is confined within it by 
a disc exactly similar and parallel to the base ; shew that the 
pressure of the fluid on the curved surface of the cylinder is 
independent of the position of the disc, the temperature of the 
fluid being constant. 

47. The pressure of a quantity of air, saturated with vapour, 
is observed ; the mixture is then compressed into half its former 
volume, and, after the temperature has been lowered until it 
becomes the same as at first, the pressure is again observed; 
hence find what would be the pressure of the air (occupying its 
original space) if it were deprived of its vapour without having 
its temperature changed. 

48. A closed vessel in the form of a right cone is placed 
with its base on a horizontal plane: supposing it to be filled 
with fluid through a small orifice at its vertex, prove that the 
horizontal tension of the vessel at any point varies as the area of 
the circular section through the point. 

49. A heavy sphere is placed in a vertical cylinder, filled 
with atmospheric air, which it exactly fits. Find the density of 
the air in the cylinder when the sphere is in a position of per- 
manent rest. 

50. In the {n + 1)^ ascent of the piston in Snjeaton's air- 
pump, find the position of the piston when the highest valve, 
(whose weight may be neglected), begins to open; and shew 
that in that position the tension of the piston rod : pressure of 
the atmosphere on the piston 

U + b) ' ^ U + BJ'A + B' 

51. Two barometers of the same length and equal transverse 
sections each contain a small quantity of air ; their readings at 
one time are A, k, and at another time A', k' ; compare the quan- 
tities of air in them. 
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52. A cylindrical tube, containing air, is closed at one ex- 
tremity by a fixed plate, the other extremity being open; a 
piston just fitting the tube slides within it, and the centres of 
the plate and piston are connected by an elastic string, the 
modulus of elasticity of which is equal to the atmospheric pres- 
sure on the piston ; prove that, if I be the natural length of the 
string, and a its length when the air between the piston and the 
fixed plate is in its natural state, I being less than a, the length 
of the string in the position of equilibrium will be {la)K 1£ the 
piston be slightly displaced from this position, find the time of a 
small oscillation. 

53. A mass of elastic fluid is confined within a hollow sphere, 

and repelled from the centre of the sphere by a force - ; shew 

that the whole pressure on the sphere : the pressure which would 
be exerted if no force were acting :: Sk + fju: Sk. 

54. A piston without weight fits into a vertical cylinder, 
closed at its base and filled with air, and is initially at the top 
of the cylinder ; if water be slowly poured on the top of the 
piston, shew that the upper surface of the water will be lowest 
when the depth of the water is V(«A) — K where h is the height 
of the water barometer, and a the height of the cylinder. 

55. An elastic spherical envelop is in equilibrium when it 
contains air at twice the atmospheric density, and its ^:adius is 

twice the natural size ; if the barometer fall - th of an inch, 

n 

find the time of a small oscillation in the magnitude of the 

envelope. 

56. A straight tube, closed at one end and open at the 
other, revolves with an uniform angular velocity about an axis 
meeting the tube at right angles; neglecting the action of 
gravity, determine the law of density of the air within the tube, 
and compare the pressure at the closed end with the atmospheric 
pressure. 

57. A bent tube of uniform bore, whose arms are at right 
angles to one another, revolves with uniform angular velocity a> 
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about the axis of one of its arms, which is vertical and lias its 
extremity immersed in water. Prove that the height to which 
the water will rise in the vertical arm is 

TT «»o» 

ii (1 - e-iT), 
9P ^ 

where a is the length of the horizontal arm, 11 the atmospheric 

pressure, and p the density of water. 

58. If the earth be supposed spherical and covered with an 
ocean of small depth, and if the attraction of the particles of 
water on each other be omitted, the ellipticity of the ocean 
spheroid will be given by the equation 

_ centrifugal force at the equator 
"" force of gravity at the earth's surface ' 

Chapters VIII.— XHI. 

59. The main of the water supply of a town is one foot 
in diameter, and side pipes four inches in diameter leave it at 
intervals successively ; find the velocity in the main after any 
number of these side pipes have been passed ; that before pass- 
ing any of them being given, and the water being supposed to 
flow freely and steadily in all. 

60. A closed cubical box, very nearly filled with fluid, is 
placed on a smooth horizontal table, so that two of its faces are 
parallel to the edge of the table, and a string, passing over the 
edge and supporting a weight, is fastened to the middle point of 
the base of the nearest face ; determine the surfaces of equal 
pressure in the fluid during the motion, and compare the pres- 
sures on the top and on the base of the box. 

If a small sphere of greater density than the fluid be sus- 
pended in it by a string fastened to the top of the box, and 
another smaU sphere of less density than the fluid be attached 
by a string to the base of the box, find the directions of the 
strings when the spheres are in equilibrium relative to the fluid. 

What would be the effect on these spheres of suddenly de- 
stroying the motion of the box? 

61. Two cylindrical vessels of equal height containing water 
are suspended with their axes vertical to the ends of a string 
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passing over a fixed smooth pulley in a vertical plane ; neglect- 
ing the weights of the vessels, shew that the whole pressures, 
during the motion, on the curved surfaces of the cylinders are 
inversely in the ratio of their radii, and that the pressures on 
their bases are equal. 

62. On a horizontal plane stand a frustum of a cone filled 
with fluid and an empty hemispherical bowl. A small orifice 
is made in the former, in the vertical plane through the axes of 
both vessels, and at a height equal to a radius of the latter. 
Given that the bowl stands altogether within the range of the 
stream as it first issuer, determine the quantity of fluid which 
will be poured into it. 

63. A sphere of less specific gravity than water is placed 
at a given depth in a stream running with a given uniform 
velocity, and then left to the action of the stream; find the 
motion and path of the sphere. 

64. In the eruption of a volcano, it has been remarked that 
every ejection of stones is accompanied with an explosion like 
artillery, when heard at a distance, but that when near, the 
sound resembles rather that of a loud and deep sigh, unaccom- 
panied by any sudden burst; explain this phenomenon, and 
apply the principle of your explanation to shew that a flash of 
lightning may produce a lengthened peal of thunder, without 
the reverberation of the clouds. 

65. If there be vibrating plates at each end of a tube, how 
must the times of vibration be related, so that musical notes may 
be produced ? 

66. The same musical note is produced in each of two 
railway trains travelling in the same direction; shew that a 
person standing on the line between the trains will hear beats, 
and determine the number of beats per second, when the pitch of 
the note and the velocities of the trains are given. 

67. A uniform bent tube of given length, the two legs of 
which are vertical and of the same height, is filled with fluid. 
A heavy plug exactly fitting the tube is placed upon the surface 
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of the fluid in one of the open ends of the tube, and is allowed 
to descend bj its own weight ; determine the greatest depth to 
which it will sink ; and if the length and weight of the plug be 
small, shew that it will dbplace very nearly twice its own weight 
of the fluid. 

In the latter case determine the amplitude and time of an 
oscillation. 

68. A globule of inelastic fluid falls under gravity through 
a medium, which exerts on it at any point of its surface a pres- 
sure which is equal to a constant pressure increased, if the sur- 
face at that point be moving in the direction opposite to that in 
which the pressure acts, and diminished, if in the same direction, 
by a quantity proportional to the normal velocity of the surface 
at that point ; shew that when the globule has attained its ter- 
minal velocity its figure will be a sphere. 

69. A circular cricket-field is surrounded by a fence con- 
sisting of a great number of equidistant palings, the plane- of 
each being perpendicular to the radius ; a player at the centre 
upon striking a ball hears an echo of the sound of the blow, 
while to a spectator placed elsewhere the echo is replaced by a 
metallic ringing sound : explain this. 

70. At a station on a railway passed at fiill speed by a 
train, a certain musical note is sounded ; explain the difference 
of the sounds heard by a person in the train as it approaches to 
and recedes from the station. 

71. A cylindrical aperture cut through a solid cylinder, with 
its axis parallel to that of the cylinder, is filled with fluid of the 
same density as the cylinder, and closed so that no fluid can 
escape ; the cylinder being made to roll on a rough horizontal 
plane, shew that its motion will be uniform. 

Determine also the surfaces of equal pressure at any instant, 
and trace their changes through a whole revolution of the 
cylinder. 

72. Investigate the propagation of a sound in a vertical 
tube, shewing that its velocity will be the same at all points 
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in the tube, the temperature being supposed uniform to begin 
with. 

73. A mass of homogeneous incompressible fluid subject to 
no external force but gravity is in motion ; prove that the par- 
ticles cannot describe circles about a common vertical axis uidess 
the surfaces of equal velocity be cylinders, and find an expression 
for the angular velocity of each cylinder if all surfaces of equal 
pressure are spheres. 

74. A vertical cylindrical vessel, open at the top and con- 
taining, water, is let faU from a giv^n height on a horizontal 
plane ; the vessel being inelastic, find the impulsive pressure at 
any point of the fluid at the instant of impact. 

If a piece of cork be immersed in the fluid and be kept under 
the surface by a string fastened to the base of the vessel, find 
the impulsive tension of the string. 

75. A vessel of given capacity, in the form of a surface of 
revolution with two circular ends, is just filled with inelastic 
fluid which revolves about the axis of the vessel, and is supposed 
to be firee firom the action of gravity: investigate the form of 
the vessel that the whole pressure which the fluid exerts upon it 
may be the least possible, the magnitudes of the circular ends 
being given. 

Shew that, for a certain relation between the radii of the 
circular ends, the generating curve of the surface is the conmion 
catenary. 

76. A vertical tube, open at both ends and of the same 
transverse section throughout, is kept at a uniform temperature : 
supposing the increase of temperature of any portion of air within 
the tube to be proportional to the time, shew that the velocity 
of the current of air at a distance x firom the bottom is given by 
the equation 

v^+2gx , ffv + ka ka 
2gc^ "^ o c, gv + ka' 

How may the constants c^ c, be determined? 
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77. Wlieu the motion of an incompressible fluid is entirely 
in the direction of one plane and is steady, prove that, if J7= G 
be the equation to a system of lines of motion, 

dU d_fcPU cPU\^dU d^fd'U d'lA 
^3^ * dx \da? d^ J dx' dy \da? di^ J * 

78. The portions Ax, Ax', of a stretched string xAx' are 
of different thicknesses ; prove that any small transversal vibra- 
tions travelling from a: to -4 will, on arriving at -4, be partly 
reflected and partly transmitted to Ax\ and that the displace- 
ments due to the incident, reflected, and transmitted vibrations 
are to each other ^lb l + fj, : l--fj, : 2, where /i is the ratio of the 
velocity of propagation in Ax to that in Ax\ 
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Articles (1615), with Illustrations firom the Symbolical Books of the Boman 
and Beformed Communions, and from other contemporary sources. 8to. 
10«. 6d. 

HARVEY (Rev. W. W.) Sermons for Young Men. Preached 

before the University m Cambridge during the month of February 1853. 
8to. 4$, 

Sermons on &)me of the Principal Doctrines and 

Evidences of the Christian Beligion. Preached at Buckland. Foolscap 8vo. 

Nearly Beady. 

The History and Theology of the " Three Creeds." 

2 vols. Post 8vo. 14<. 

Ecclesise Anglicanse Yindex Catholicus sive Articu- 

lomm EcclesiflB Anglicanse cum Soriptis SS. Patrom nova Collatio. 8 vols. 
8vo. Beduced to 16«. 

PraBlectio in Prov. viii. 22, 23. Quam munus 

Lectaris Begii In Literis Hebraieis petendo habuit O. Wioak Habvet, 
A.M., Collect Begalis nuper Socius, tii Id. Octob. 1848. 4to. sewed. 3«. 
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HOPKLNS (Eev. W. B.) Apostolic Missions ; Five Sermons 

preached before the UniTersity of Cambridge in May 1852. 8to. 5«. 

HUMPHRY (Rev. W. G.) An Historical and Explanatory Treatise 
on the Book of Ckunmon Prayer. Second JSdition, enlarged and revised. 
Post 8vo. 7«. 6{2. 

KEELINfG (Rev. W.) LiturgiaB Britannicse, or the several Edi- 
tions of the Book of Common Piayer of the Church of England, from its 
compilation to the liast revision, together with the Liturgy set forth for the 
use of the Church of Scotland, arranged to shew their respective variations. 
Second Edition, 8vo. 12«. 

MASKEW (Rev. T. R.) Annotations on the Acts of the Apostles. 

Designed prhicipally for the use of Candidates for the Ordinary B.A. 
Degree, Students 'for Holy Orders, &c., with College and Senate- House 
Examination Papers. Second Edition, enlarged, 12mo. bs, 

MILL (Rev. Db.) Lectures on the Catechism. Delivered in the 
Parish Church of Brasted, in the Diocese of Canterbury. Edited by hia 
Son-in-Law, the Bev. B« Webb, M.A. Fcp. 8vo. %8,Qd, 

Slermons preached in Lent 1845, and on several former 



occasions, before the University of Cambridge. 8vo. 12«.. 

■7- Four Sermons preached before the University of Cambridge^ 
on the Fifth of November, and the three Sundays precediJi^ Advent, in me 
year 1848. 8vo. 5«. Qd, 

— An Analysis of the Exposition of the Creed, written bv the 

Bight Beverend Father in God, J. Peabson, D.D., late Lord Bishop of 
Chester. Compiled, with some additional matter occasionallyinterspersed, 
for the mse of the Students of Bishop's College, Calcutta. Third Edition, 
revised and corrected. 8vo. 5«. 



Christian Advocate s Pubhcations. — 1841, The Histoncal 

Character of S. Luke's Ist Chapter. 8vo. 4s. — 1842, On the Evangelical 
Accounts of the Descent and Parentage of the Saviour, 8vo. 4s. — 1843, 
On the Accounts of Our Lord's Brethren in the New Testament. 8vo. 4s. 
1844, On the Historical Character of the Circumstances of Our Lord's 
Nativity in the Gospel of 8. Matthew. 8vo. 4». 

PEARSON (Bishop.) Five Lectures on the Acts of the Apostles 

and Annals of St. Paul. Edited in English, with Notes, by J. R. 
Crowfoot, B.D. Crown 8vo. 4s. 

An Exposition of the Creed. Revised and Corrected. 



By the Rev. T. Chevallier, B.D. 8yo. 2s. 

PEROWNE (Rev. T. T.) Essential Coherence of the Old and 

New Testaments. Crown 8vo. 6s. 
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PRESTON (Rev. T.) Phraseological and Explanatory Notes on 

the Hebrew Text of the Book of 0:^£SIS. Crown 8yo. 9«. 6d. 

REES (W. J.) and AYERST (Rev. W.) The Influence of Chris- 

tianity on the Langruage of Modem Europe. The Essays which obtained 
the Hulsean Prize for the year 1855. 8to. U. 

SCHOLEFIELD (Pbof.) Hints for some Improvements in the 

Authorised Version of the New Testament. F^fth EtlUum. Foap. 8to. 4«. 

SCRIVENER (Rev. F. H.) An Exact Copy of the celebrated 

CODEX AUGIENSIS, a Greeco-Latin Manuscript in Uncial Letters of S. 
Paul's Epistles, preserved in the Library of Tnnity College, Cambridge. 
To which is added a full CoUation of Fifty Manuscripts containing yarious 
portions of the Greek New Testament deposited in English Libraries : with 
a full Critical Introduction. Svo. 26«. 

Contributions to the Criticism of the Greek Testa- 
ment. Being the Litroduction to a Transcript of the Codex Augiensis. 
By F. H. ScBiVENER, A.M. Boyal 8vo. 5«. 



SELWYN (Peof.) Horse Hebraicse, Critical Observations on the 
Prophec}r of Messiah in Isaiah, Chapter IX., and on other passages of the 
Holy Scriptures. 4to. 8«. 

Not© Critic® in Versionem Septuagintaviralem. 



Exodus, Cap. I.— XXIV. 8yo. 3s. 6d. 

NotsB Criticse in Versionem Septuagintaviralem. 

Liber "Svkkborvm, Svo. is. 6d. 

Not© Criticse in Versionem Septuagintaviralem. 

Liber Deutebonoxii. 8vo. 4«. 6d. 

Notes on the Proposed Amendment of the Authorized 

Version of the Holy Scriptures. 8yo. Is. 

SOLLY (Thos.) The Will Divine and Human. 8vo. 10*. 
TERTULLIAN, The Apology of. With English Notes and a Preface, 

intended as an Introduction to the Study of Patristical and Ecclesiastical 
Latinity. By H. A. Woodbam, LL.D. Second Edition. Svo. 8«. 6d. 

WALLACE (0. W.) The Benefits of the Establishment and of 

the Oyerthrow of Monastic Institutions. The Essay which obtained the 
Hulsean Prize for the year 1856. 8yo. Zs, 

WEST (Rev. C. A.) Parish Sermons, according to the order of 

the Christian Year. 12mo. Q». 

WHEWELL (Rev. Db.) Sermons preached in the Chapel of 

Trinity Couege, Cambridge. 8to. 10«. 6d. 
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WILLIAMS (Rev. Db.) Rational Godliness. Sermons, Ex- 
planatory and Practical. Preached at Cambridge and Lampeter. Crown 
8yo. 10«. 6d. 

Christianity and Hinduism: their Pretensions 



compared, and various Questions of Indian Religion and literature dis- 
cussed in a Dialogue. Svo. I2s. 

A Discourse preached before the University of 

Cambridge on Commencement Sunday, 1857. With some review of Bishop 
Olliyant*s Charge. Svo. 2$, 6d. 
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BARRETT (A. C.) The Propositions in Mechanics and Hydrostatics 
which are required of QuestionistB not Candidates for Honors, with Illus- 
trations and Examples, collected £rom various sources. Second J^dtttoft. 
With additions and corrections. Crown Svo. 6s. 

BESANT (W. H.) Treatise on Hydrostatics. Svo. 

Beady. 

CHALLIS (Pbop.) Notes on the Principles of Pure and Ap- 
plied Mathematics. Pr^aring. 

Astronomical Observations, for the Years 1846, 1847, 

and 1848, made at the Observatory of Cambridge. Boyal 4to. 420 pages, 
25«. 



1849, 1850, 

and 1851, made at the Observatory of Cambridge. Boyal 4to. 25«. Ready. 

EARNSHAW (Rev. S.) Dynamics: or a Treatise on Motion. 

To which is added, a short Treatise on Attractions. Third Edition. Svo. 
14<. 



; — A Treatise on Statics. Contaimn^ the Theory of 

the Equilibrium of Forces: and numerous Examples illustrative of the 
general Principles of the Science. Fourth Edition^ revised. Svo. 10s. 

ELLICOTT (C. J.) Elementary Statics; or a Treatise on 

the Equilibrium of Forces in one Plane. With ntmierous examples. 8vo. 
4*. M. 

EVANS (Rev. J.) Newton's Principia. The First Three Sections, 

with an Appendix ; and the Ninth and Eleventh Sections. Fourih EdUion. 
Svo. 6s. 
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GASKIN (Rev. T.) Solutions of the Trigonometrical Problems 

proposedatSt. John's College, Cambridge, from 1829 to 1846. 8yo. 9». 

Solutions of the Geometrical Problems proposed at 

St. John's College, Cambridge, from 1830 to 1846, consistmg chiefly of 
Examples in Plane Coordinate Geometry. With an Appendix, containing 
several general Properties of Curves of the Second Order, and the Determi- 
nation of the Magnitude and Position of the Axes of the Conic Section, re- 
presented by the General Equation of the Second Degree. 8vo. I2s. 



The Geometrical Construction of a Come Section, 

subject to Five Conditions of passing through given Points and touching 
given Straight Lines, deduced from the Properties of Involution and An- 
harmonic Ratio ; with a variety of General Properties of Curves of the 
Second Order. Svo. 8«. 

GOODWIN (Dean). An Elementary Course of Mathematics. 
Desigped principally for Students of the University of Cambridge. Fifth 
Edition, Svo. 15«. 

Elementary Statics, designed chiefly for the use of 



Schools. Crown Svo. 6«. 



Elementary Dynamics, designed chiefly for the use 

of Schools. Crown Svo. 5«. 

%* The two hooks bound together^ 10«. %d. 

A Collection of Problems and Examples adapted to the 

<* Elementary Course of Mathematics.*' With an Appendix, containing the 
Questions proposed during the first Three Days of the Senate-House Ex- 
aminations in the Years 1S48, 1849, 1850, and 1851. Second Edition. Svo. 
6«. 

Elementary Chapters in Astronomy, from the * Astro- 

nomie Physique' of Biot. Svo. 8«. Qd. 

GKIFPm (Rev. W. N.) A Ti-eatise on the Dynamics of a Rigid 

Body. Svo. 6«. 6d. 

Solutions of the Examples appended to a Treatise on 

the Motion of a Bigid Body. Svo. 6«. 

HIND (Rev. John) Principles and Practice of Arithmetic, com- 
prising the Nature and Use of Logarithms, with the Computations em- 
ployed by Artificers, (Pagers, and Land Surveyors. Designed for tiie use of 
Students. Ninth Edition. With a New Appendix of Miscellaneous 
Questions. 12mo. A». 6cl. 

Key to the Arithmetic, with an Appendix, consisting of 

Questions for Examination in all the Rules of Arithmetic. Second Edition. 
12mo. 5«. 



— Principles and Practice of Arithmetical Algebra: Estab- 
lished upon strict methods of Mathematical Reasoning, and illustrated by 
Select Examples proposed during the last Thirty Tears in the University of 
Cambridge. Third Edition. 12mo. 5«. 

— Elements of Algebra. 8ixth Edition^ revised, improved, 

and reduced in price. Svo. 10«. 6cl. 

— Elements of Plane and Spherical Trigonometry, with the 
Nature and Properfies of Logaritnms and the construction and use of 
Mathematical Tables. Fifth Edition. 12mo. 6«. 
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HOPKINS (Rev. W. B.) A Series of Figures iUnstrative of Geo- 
metrical Optics. From the German of Professor Sohbllbach. Demy folio. 
10«. 6d. 

HYMERS (Key. De.) The Elements of the Theory of Astronomy. 

Second Edition. Svo. 14«. 

A Treatise on the Integral Calculus. Third Edition. 



8vo. 10«. 6d. 



A Treatise on the Theory of Algebraical Equations. 

Third Edition. 8yo. 10«. Qd. 

- A Treatise on Conic Sections. Third Edition, Svo. 



9«. 

A Treatise on Analytical Geometry of Three Dimen- 
sions. Third Edition. Svo. 10«. 6d. 

MILLER (FsoF.) An Elementary Treatise on the Differential 

Calculus. Third Edition. Svo. 6«. 

A Treatise on Crystallography. Svo. Is. 6<£. 



O'BRIEN (Rev. M. A.) Mathematical Tracts. On La Place's 

Coefficients ; the Figure of the Earth ; the Motion of a Blgid Body ahout 
its Centre of Gravity.; Precession and Nutation. Svo. A». 6<2. 

An Elementary Treatise on the Differential Calculus, in 



which the Method of Limits is exclusively made use of. Svo. 10«. Qd. 

A Treatise on Plane Coordinate Geometry; or the 



Application of the Method of Coordinates to the Solution of Prohlems in 
Plane Geometry. Svo. 9». 

PEACOCK (Dean). A Treatise on Algebra. Vol. I. Arith- 
metical Algehra. Svo. 15s. Vol. II. Symbolical Algebra, and its Applica- 
tion to the Geometry of Position. Svo. i6«. 6d. 

PELL (M. B.) Geometrical Illustrations of the Differential 

Calculus. Svo. 2«. Qd, 

SANDEMAN (A.) A Treatise on the Motion of a Single Particle, 

and of Two Particles acting on one another. Svo. S«. 6d. 

SCOTT (Rev. W.) Elementary Treatise on Plane Coordinate 

Geometry, with its Application to Curves of the Second Order. Crown Svo. 
5^. 6(2. 

WEBSTER (T.) The Principles of Hydrostatics. An Elementary 

Treatise on the Laws of Fluids and their Practical Application. Fourth 
Edition. Crown Svo. 7«. 6cl. 

WHEWELL (Rev. Db.) Conic Sections; their principal Pro- 
perties proved Geometrically. Third Edition. Svo. 2s. Qd. 

Mechanical Euclid. Containing the Elements of 



Mechanics and Hydrostatics, demonstrated after the manner of Geometry, 
Fifth Edition. \2mo. 5«. 
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WALTON (W.) A Collection of Elementary Problems in Hydro- 
statics, and Optics, designed for the use of those Candidates foe Mathe- 
matical Honors, -who are preparing for the First Three days of the Senate- 
House Examination. Preparing. 

A Collection of Elementary Problems in Statics and 

Dynamics. Designed for the use of those Candidates for Mathematical 
Honors, who are preparing for the First Three days of the Senate-House 
Examination. 10«. Bd. 

^ A Collection of Problems in illustration of the Princi- 
ples of Theoretical Mechanics. Second Edition, tdth numerotta alterations 
and additions. Svo. 18«. 



A Collection of Problems in illustration of the Princi- 
ples of Theoretical Hydrostatics and Hydrodynamics. 8yo. 10«. 6d. 

A Treatise on the Differential Calculus. Svo. 10s. 6d. 



Problems in illustration of the Principles of Plane 

Coordinate Geometry. 8yo. 16«. 



A Treatise on the Application of Analysis to Solid 

Geometry. Commenced by D. F. Greookt, M.A. ; concluded by W. 
Walton, M.A. Second Edition, revised and corrected. Svo. 12s. 

Examples of the Processes of the Differential and 



Integral Calciuus. Collected by D. F. Greooky, M.A. Second Edition, 
edited by W. Walton, M.A. Svo, 18a. 

WRIGLEY (Rev. A.) A Collection of Examples and Problems 

in Arithmetic, Algebra, Geometry, Logarithms, Mensuration, Trigonometry, 
Analjrtical Geometry, and Conic Sections, Statics, Dynamics, Hydrostatics, 
Theory of Equations ; with Answers and occasional Hints. Fourth Edition, 
corrected and enlarged. 8yo. 8s. 6d, 

ALFORD (Dean). Passages in Prose and Verse from English 

Authors for Translation into Greek and Latin; together with selected 
Passages from Greek and Latin Authors for Translation into English: 
forming a regular course of Exercises in Classical Composition. 8vo. 6s. 

AMOS (Andeew). Gems of Latin Poetry. With Translations. 

8vo. I2s. 

ARUNDINES CAML Sive Musarum Cantabri^ensium Lusus 

Canori. Collegit atque ed. H. D&u&y, A.M. Editio qutnta. 8yo. 129. 

DEMOSTHENES de Falsa Legatione. Second JSdition, carefully 

revised. By B. Shilleto, A.M. Svo. 8«. 6d. 

Select Private Orations. After the Text of 

DiNDOBF, with the various Headings of Reiske and Bekejbb. With 
English Notes. By C. T. Penrose, A.M. For the use of Schools. Second 
Edition. 12mo. 4«. 

Select Speeches. Translated, with Notes. By 



C. R. KEmrEPY, A.M. 12nu>. 9s. 
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CAMBRIDGE GREEK AND LATIN TEXTS. CarefiiUy re- 

printed from the best Editions : 

This Series is intaided to supply for the use of schools and students cheap 
and accurate editions of the Classics, which shall be superior in me- 
chanical execution to the small German editions now current in this 
country, and more convenient in form. The Texts of the Bibliotheca 
Classica and Grammar-school Classics, so far as they have been pab- 
Ushed, will be adopted. These editions have taken their place among 
scholars as valuable contributions to the classical literature of this 
country, and are admitted to be good examples of the Judicious and 
practical nature of English scholarship ; and as the editors have formed 
their texts from a careful examination of the best editions extant, it is 
believed that no texts better for general use can be found. The 
volumes will be well i)rinted at the Cambridge University Press, in 
16mo. si2e, and will be issued at short intervals, neatly bound in cloth. 

iESCHYLUS, ex novissima recensione F. A. Palcy, A.M. Si. 

EURIPIDES, ex recensione F. A. Paley, A.M. 3 Vols. Vol. I. 3«. 6d, Vol. II. 
Ss. 6a. 

HERODOTUS, ex recensione J. W. Blakesley, S.T.B. 

HORATIUS, ex recensione A. J. Macleame, A.M. 2«. Bd. 

THUCYDIDE8, ex recensione J. G. Donaldsox, S.T.P. 2 vols. 7». 

VERGILIUS, ex recensione J. Coninqtox, A.M. 

NOVUM TESTAMENTUM GR^CU^, TEXTUS STEPHANICI, 1550. Acce- 
dimt varise lectiones editionum Bezao, Elzeviri, Lachmanni, Tischen- 
dorfii, et Tregellesii. Curante F. H. Scbivenes, A.M. 

DONALDSON (Db.)- A Complete Greek Grammar. Second 
Edition, very much enlarged and adapted for the use of University Students. 
8vo. 16«. 

Classical Scholarship and Classical Learning con- 
sidered with especial reference to Competitive Tests and University Teach- 
ing. A Practical Essay on Liberal Education. Crown 6vo. 5«. 

Varronianus. A Critical and Historical Intro- 



duction to the Philological Study of the Latin Language. Second Edition, 
considerably enlarged. 8vo. 148. 

ELLIS (R.) A Treatise on Hannibal's Passage of the Alps, in which 
his Route is traced over the Little Mont Cenis. With Maps. 8vo. 7«. 6d. 

EURIPIDES. Fabulae Quatuor. Scilicet, Hippolytus Coronifer, 

Alcestis, Iphigenia in Aulide, Iphigenia in Tauris. Ad fidem Manuscrip- 
torum ac veterum Editionum emendavit et Annotationibus instruxit J. H. 
Monk, S.T.P. Editio nova. Svo. 12«. 
Separately — Hippolytus. Svo. cloth, 5s. Alcestis. Svo. sewed. As. Qd, 

TraffoedisB Priores Quatuor, ad fidem Manuscriptorum 

emendatffi et orevibus Notis instructee. Edidit R. Pobson, A.M., &c., 
recensuit suasque notulas subjecit J. Scholefieli), A.M. Editio tertia, 
Svo. 108. 6d. 

HOLDEN (Rev. H. A.) Foliorum Silvula. Part I. Being select 

Passages for Translation into Latin Elegiac and Heroic Terse. Second 
Edition. Post Svo. 6s. 

Foliorum Silvula. Part II. Being Select Passages for 

Translation into Latin Lyric and Greek Verse. Second Edition. Post Svo. 
7s. 6d. 

Foliorum CenturiaB. Selections for Translation into 

Latin and Greek Prose, chiefly from the University and College Examina- 
tion Papers. Second Edition. Post Svo. 9s. 
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HYPERIDES, The Funeral Oration of, over Leosthenes and 

his Comrades in the LamianWar. The Fragments of the Ghreek Text 
edited with Notes and an Introduction, and an engraved Facsimile of the 
whole Papyrus. By C. Babinoton, B.D. 4to. 15s. 

The Oration of Hyperides against Demosthenes, 

respecting the Treasure of Harpalus. The Fragments of the Greek Text, 
now first edited from the Facsimile of the MS. discovered at Egyptian 
Thebes in 1847 ; together with other Fragments of the same Oration cited 
in Ancient Writers. With a Preliminary Dissertation and Notes, and a 
Facsimile of a portion of the MS. By C. Babimotom, B.D. 4to. 6«. 6d. 

KENNEDY (Kev. De.) Progressive Exercises in Greek Tragic 

Senarii, followed by a Selection from the Greek Verses of Shrewsbury 
School, and prefaced by a short Account of the Iambic Metre and Style of 
Greek Tragedy. For the use of Schools and Private Students. &cond 
Edition^ aUered and revised* 8vo. 8«. 



MULLEE (C. 0.) Dissertations on the Eumemdes of ^schylus. 
With Critical Remarks and an Appendix. Translated txom. the German. 
Second Edition. Svo. 6a, M. 

OKES (Kev. Db.) Mvssb Etonenses sive Carminvm Etonse Condi- 
torum Deleotvs. Series Nova. Vol. I. Fascicvlvs I. Svo. 6t. 

PLATO, The Protagoras of. The Greek Text, with English 

Notes. By W. Wayte, M.A. Svo. 5<. 6d. 

PL AUTUS (M. A. ) Aulularia. Ad fidem Codicnm qui in Bihliotheca 

Musei Britannici exstant aliorumque nonnuUorum recensuit, Notisque et 
Glossario locuplete instruxit J. Hildyard, A.M. EdiHo altera, Svo. 
7«.6d. 

MensBchmei. Ad fidem Codicnm qui in 

Bihliotheca Musei Britannici exstant aliorumque nonnuUorum recensuit, 
Notisque et Glossario locuplete instruxit J. Hildtabd, A.M. EdiHo altera. 
Is. 6<2. 

PROPERTIUS. With Enelish Notes, a Preface on the State of 
Latin Scholarship. By F. A. Palev. With copious Indices. lOt. M. 

TACITUS (C.) Opera, ad Codices antiquissimos exacta et emendata, 

Commentario eritlco et exegetlco Ulustrata. 4 vols. Svo. Edidit F. Bitter, 
Prof. Bonnensis. 1/. S«. 



AMOS (A.) Ruins of Time Exemplified in Sir Matthew Hale's 
History of the Pleas of the Crown. Svo. 8«. 

The -English Constitution in the Reign of King 



Charles the Second. Svo. ]0«. 

Martial and the Modems. Svo. 8*. 



Observations on the Statutes of the Reign of King 



Henry VII. In the Preu. 
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ATHENAE CANTABRIGIENSES. By C. H. Coopee, P.S.A. 

and Thompson C!oopxb. 

This work, in illostration of the biography of notable and eminent men 
who have been members of the University of Cambridge, comprehends 
notices of: 1. Authors. 2. Cardinals, archbishops, bishops, abbats, 
heads of religions houses and other church dig^taries. 3. Statesmen, 
diplomatists, military and naval commanders. 4. Judges and eminent 
practitioners of the civil or common law. 5. Sufferers for religious and 
political opinions. 6. Persons distinguished for success in tuition. 7. 
Eminent physicians and medical practitioners. 8. Artists, musicians, 
and heralds. 9. Heads of Colleges, professors, and principal officers of 
the university. 10. Benefactors to the university and coUeges, or to 
the public at large. 

Volume I. 1500—1585. Bvo.eloth, 18«. 

CAMBRIDGE UNIVERSITY CALENDAR. (Continued annu- 
ally.) 12mo. 6«. 6d. 

CAMBRIDGE EXAMINATION PAPERS. Being a Supple- 

ment to the Cambridge University Calendar, 1858. 12mo. Ss. 6d. 

Containing those set for the Tyrwhitt*s Hebi^w Scholarships.— Theological 
Examinations. — Cams Prize. — Crosse Scholarships. — Mathematical Tri- 
pos.— The Ordinary B.A. Degree.— Smith's Pnze.— University Scho- 
larships.— Classical Tripos. — ^Moral Sciences Tripos. — Chancellor's Legal 
Medals — Chancellor's Medals. — Bell's Scholarsh^s. — ^Natural Sciences 
Tripos.— Previous Examination. — Theological Examination. "With 
Lists of Ordinary Degrees, and of those who have pasised the Pre- 
vious and Theological Examinations. 

The Examination Papers of 1856, jnrice Is, 6d. ; 1857, Zs. 6d. may still be had, 

EXTON (Rev. P.) Philosopliical Critique of the Argument in 
Pope's Essay on Man. An Essay which obtained the Bumey Prize for the 
year 1856. 8vo. 2s, M, 

GRADUATI CANTABRIGIENSES : sive Catalogus eorum quos 

ab anno 1760 usque ad 10m Octr. 1856, Gradu quocunque omavit Academia. 
8vo. 10». 

LEAPINGWELL (Dr.) A Manual of the Roman Civil Law, 
arranged according to the Syllabus of Dr. Hallifax. Designed for the use 
of Students in the Universities and Inns of Court. 8vo. 1^. 

LIVINGSTONE (De.) Cambridge Lectures. Together with a 

Preparatory Letter by the Rev. Professor Sedgwick, M.A., F.R.S., &c. Vice- 
Master of Trinity College, Cambrid^. Edited with Introduction, life of 
Dr. LiyiNosTONB, Notes and Appendix, by the Rev. William Monk, M.A., 
F.R.A.S. &o., of St. John's College, and Curate of Christ Church, Cam- 
bridge. With a Portrait and Map, also a larger Map, by Arrowsmith. 
granted especially- for this work by the President and Ck>Tmcil of tiieRoyiu 
Oeogpitiphical Society of London : the whole work being a compendium of 
information on the Central South African Question. Crown 8vo. 6«. 
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